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Denumerably many positive solutions for fractional order
boundary value problems

K. RAJENDRA PRASAD, MAHAMMAD KHUDDUSH and M. RASHMITA

ABSTRACT. The sufficient conditions are derived for the existence of denumerably many positive solutions
for fractional order boundary value problem

D5 [0[O7 w®)]] + flw(t) =0, 0 <t <1,
w(0) = w'(0) = @g+w(0) =0,
D5 w(l) =I5 w(1)
where @S e :Dg . denote fractional derivatives of Riemann-Liouville type with 0 < e < 1,2 <7 < 3, [ g n
(6 € R) denotes Riemann-Liouville fractional integral, ¢ : R — R is an increasing homeomorphism and

positive homomorphism operator (IHPHO), by applying Holder’s inequality and Krasnoselskii’s cone fixed
point theorem in a Banach space.

1. INTRODUCTION

The fractional derivatives are used for a better description of considered material pro-
perties, mathematical modelling based on enhanced rheological models naturally leads to
differential equations of fractional order and to the necessity of the formulation of initial
conditions to such equations. Applied problems require definitions of fractional deriva-
tives allowing the utilization of physically interpretable initial conditions. It should be
noted that most papers and books on fractional calculus are devoted to the solvability of
linear initial fractional differential equations in terms of special functions. Recently, the
researchers are shown a great deal of interest in establishing existence and multiplicity
of solutions (or positive solutions) of nonlinear initial fractional differential equations by
the use of techniques of nonlinear analysis, see [7, 12, 36] and reference therein. In fact,
boundary conditions have the same requirements. However, few papers have considered
the boundary value problems of fractional differential equations, see [25, 15, 16].

In [30], Y. Tian and Z. Bai considered the p-Laplacian fractional order boundary value
problem

5. (¢(5: () ) = f(t w (1)), te (0,1)
w(0) = w'(0) =0, w' (1) = aw'(£)
D6 @ (0) = 0,05, w(1) = bDF. w(n),

and established existence of positive solutions by applying monotone iterative method
and the fixed point index theory on cones. In [9], Ege and Topal considered the fractional
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boundary value problem with IHPHO,
“D1(p(“D"w(t))) + f(t, w(t) =0,
a1 w(0) — frw’(0) = —y1w(&1), aze(l) + fow’(1) = —yow(&2)
CD"w(0)=0,0<qg<1<r<2 0<t<l1

and established existence of positive solutions by utilizing Krasnoselskii’s and Legget—
Williams cone fixed point.

Inspired by the works mentioned above, in this paper we consider Riemann-Liouville
fractional order boundary value problem with IHPHO,

b [0[20 w®)]] + flw(t) =0, 0< t <1,
w(0) = w'(0) =D, w(0) =0, (1.1)
Dorw(l) = Ig+w(1)
where DF, , ®g+ denote fractional derivatives of Riemann-Liouville type with 0 < € < 1,
2 < n < 3,13 (5 € RT) denotes Riemann-Liouville fractional integral and establish the

existence of denumerably many positive solutions.
We assume that the following conditions are satisfied throughout the paper:

(Hy) f:]0,400) — [0,400) is continuous,
(Hz) For0 <7 <1,0 <Y(7) < 0o, where

b(r) =07 <r<5+ 0

2. KERNEL AND IT’S BOUNDS

15

),0<5§1.

In this section, the basic definitions and lemmas which are useful for our later discussions
are stated and constructed kernel for the boundary value problem (1.1) later we estimated
bounds for the kernel.

Definition 2.1. [14] The Riemann-Liouville(RL) fractional integral of order ¢ of a function
% :(0,00) — Ris defined by

s 5—1
78 _ (s — ) .
0+Z(s) /0 T0) T(z)dx, 6 >0

Lemma 2.1. [14, 26] The general solution to © /. %(t) = 0 with v € (m — 1,m] and m > 1is
the function

T(t) =Y _dt",
(=1

where dy is a real number.

Lemma 2.2. [14, 26] Let vy > 0. Then for any function ¥ : (0,00) — R, we have
DD T(t) = T(t) + Y det™ ",
=1

where dy is a real number and m € 7Z is the smallest integer greater that or equal to ~y.

Lemma 2.3. Suppose (H1) and (Hs) hold. Let n € (1,2] and g € C?[0, 1]. The boundary value
problem
DU w(t) +9(t) =0, t € (0,1), 22)

w(0) = w'(0) =0, D5 w(l) = IJ; w(1), (2.3)
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has a unique solution,

w(t) = /0 (. 7)g(7)dr + /0 H(t7) /0 (7, 8)g(s)dsdr,

where
I A € B K (e S K A
X(t’ T) =T n—1 —e—1
L) | 711 —r)7=t, t<m,
T p— ) N RSL) RV

[C(n+6) =T(n =) T(mT(5)
Proof. The equivalent fractional integral equation to the equation (2.2) is given by

t -1
_ _ _ (t—m7)"

wW(t) = et 4 et 2 + 3t 37/ AL
0 L'(n)

where ¢y, ¢ and c3 are constants. Applying boundary conditions 2.3 into the above equa-
tion, one can obtain ¢c; = ¢3 = 0 and

L= pyn—e—1 _
61:/0 ik ki F()n) g(T)dT+F(I7 )18, w(1),

g(7)dr,

Therefore, )
w(t) = /o x(t, T)g(T)dT + Wt”_1]g+w(1). (2.4)

By simple calculations, we get

1 —r 6—1

</ 1x<ns>g<s>dsdf]

Hence,

w(t)z/o X(t,r)g(T)dT—i-/O H(t,T)/O x(T, 8)g(s)dsdr.

Lemma 2.4. The kernel x(t, ) have the following properties:
(i) x(t,7) > 0and continuous on [0, 1] x [0, 1],

(i) x(t,7) <x(1,7)fort, T €[0,1],
(iii) there exists o € (0, &) such that "~ *x(1,7) < x(t,7) fort € [0,1— 0,7 € [0,1].

Proof. By simple calculations, (i) and (ii) can be established easily. We prove (iii). For
0<r<t<l1,let
=11 — 7)==t (¢t —)nt

I'(n) - T(n)

F(th) =

Then for ¢ € (0, %), we have

F(t,r) > 7! [“ —ryt (1 ml}

L'(n) L'(n)
. (1—7)yn=s-t (1 -7t
2" { ['(n) N0 ]
> 0" 'x(1, 7).
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Lemma 2.5. Suppose I'(n + &) > T'(n — ) and ¢ € (0, ]. Then

H(t, T) > 0" * H(t
el T 2 0 ey R

Proof. From Lemma 2.2,
minep,,1— o) H(t, 7) B o1 — 7)ot
maxyco,1) H(t, 7) (=7t

= gnil.

Lemma 2.6. Suppose (H;) and (Hs) hold, then the unique solution of (1.1) is given by

w(t) = [ 70 (5 (F(w() ) dr

/ H(t / 967 T+ (f(w(s))) )dsdr.
Proof. The problem (1.1) can be written as
Dg+o(t) + flw(t)) =0,
v(0) =0,

by letting ©, w(t) = u(t) and v = ¢(u) with the condition D, w(0) = 0. The solution of
the problem is given by

o(t) = ct* ' =I5, (f(w(2)).
By the condition v(0) = 0, we get

v(t) = — I+ (f(w(t))).

Hence, from the Lemma 2.4, the problem
D w(t) = - (15 (f(w(t))),
Do+ w(l) =I5 w(1), (2.5)
w(0) = w'(0) =0,

has a unique solution given by

w(t) = /le(t,f)tbl( = (f(w(ﬂ)))dT
+/01H(t,7')/01x(7',s)d)1(I§+(f(w(3))))dsd7_.

We denote the Banach space C*([0, 1],R) by X with the norm
= t)|.
ool = ma e (o)
For ¢ € (0,1/2), the cone P, C X is defined by
P,=lweX :w(t)>0, mi t) = o" Mw®),
= {werion =0, mn o) o)}

For any w € P,, define an operator A : P, — X by

(Aw)(t) /le(t,T)d)l( <, (f(w(T))))dT
+/01’H(t,T)/le(T,s)d)—l(Ing(f(w(S))))deT.
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Lemma 2.7. Assume that (Hy) and (Hs) hold. Then for each o € (0,1/2), A(P,) C P, and
AP, = P, is completely continuous.

Proof. Let ¢ € (0,1/2). Since f(w(7)) is nonnegative for 7 € [0,1], w € P,.
Since x(t,7) is nonnegative for all ¢,7 € [0,1], it follows that A(w(t)) > 0 for all t €
[0,1], w € P,. Now, by Lemma 2.5, we have

min_(Aw)(t) = min { [ xt.m167 (5 () Jar

te[o,1—0] t€le,1-0]

+/01H(t,7)/olx(7,x)¢—1( 8+(f(w(x))))dxd7}

> [ X707 (3. (i) )ar

0

+ max/ H(t, T / )d)‘l( §+(f(w(at))))dxd7

tel0,1]

> 0! max { / x(t.7)b ™ (Z5- (Flw(r))) ) dr

t€[0,1]

/ it / )0 (T5 (f(w(x))))dmr}

> 1 A
>0 tren[gﬁ]\ w(t)].

Thus A(P,) C P,. Therefore, the operator A is completely continuous by standard met-
hods and by the Arzela-Ascoli theorem. O

3. DENUMERABLY INFINITELY MANY POSITIVE SOLUTIONS

In this section, we establish the existence of denumerably many positive solutions for
bvp (1.1) by applying Krasnoselskii’s fixed point theorem and Hélder’s inequality. Firstly,
we state fixed point theorem

Theorem 3.1 (Krasnoselskii’s). [13] Let &€ be a cone in a Banach space X and 2, Q9 are open
sets with 0 € Q1,Q; C Qa. Let A : £N (Q2\Q1) — & be a completely continuous operator such
that

@) [lAz] < |lz]l, = € €N 00y, and | Az|| > |||, = € €N O, o
®) Azl > lI2]l, = € £ N0, and || A= < ||z, = € € N .

Then A has a fixed point in € N (Q2\ Q).

Theorem 3.2. (Holder’s) Let h € LP[0,1]and g € L9[0,1], wherep > 1, ¢ > 1, with %—k% =1
Then hg € L'[0,1] and ||hgllx < ||hllpllgllq- Further, if h € L*[0,1] and g € L*°[0,1]. Then
hg € L'[0,1] and ||hgl[x < [[2[l1]l9l-

We establish the denumerably many positive solutions for the following three possible
case for w € LP[0,1]: 0<p<1l,p=1,p= 0.

Theorem 3.3. Suppose (H1) and (Hz) hold, let {01} 72, be a sequence with tj11 < o < ty. Let
{ER}32, and {Ox}32, be such that

Eit1 < 0] 'Ok < BOy < By, k€N,
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where

1 1—01
g max { o o(or) [5 x(L, 8)ib(s)ds 1}’ oler) = max {1 - /Q H(t’T)dT}'

01

Assume that
1
= max {/ H(t,r)dT} < oo
te[0,1] 0
and f satisfies

(A1) f(w(t)) < G(K1Ey) forall t € [0,1], 0 < w < Ey,
where K; < 1

1+ M) Ix(L, 9)]lqW]lp’
(A2) f(w(t)) > &(BOy) forall t € [0k, 1 — o1, 0} 'O < w < O,

Then the bup (1.1) has denumerably many positive solutions {wy 32, such that Oy < [|wyg]|| <
Eyfork=1,2,3---.

Proof. Let Q1 = {w € X : ||w|| < Ex}, Qo = {w € X : ||w|| < Ok} be open subsets of
X. Let {0 }72, be given in the hypothesis and we note that t* < t;41 < g < t), < 3, for
allk € N.

For each k € N, we define the cone P,, by

P, = {w eX:w()>0, min w)> QZ_1||w(t)H}.
te(ok, 1—0k]

Let w € P,, N0 k. Then, w(s) < Ej, = |w]| for all s € [0, 1]. By (A1),

] = ma { / 70 (5 (F(w() ) dr

+/017-[(t’7—)/01x(7—78)¢1( 0€+(f(w(5))))d$d7}

< max {KlEk/ x(L, )W(r)dr

t€0,1] 0

KBy /O H(t, ) /O X(l,s)lb(s)dsdr}

< K\, max]{l—l—/o H(t,T)dT}/O (1,71 (7)dr

tel0,1

1
<1 +>\)K1Ek/0 x(1, 7)(r)dr

< (L+ MK EE[[x (L 7)1l
< Ej.

Since Ej, = ||w|| for w € P,, N OO i, we get
[Awl < flew]. (3.6)
Lett e [Qk, 1-— Qk]~ Then,

Or = ||lw]| > w(t) > min w(t) > @Z‘l ]| > 92_10k~
t€lox, 1—ok]
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By (42),
IAwl = e { [ xt.m167 (5 () )ar
+/01’*‘(“) /lewmfl( e (f(w(iﬁ))))dde}
> m { [ e (1t ar
v/ :_QkH(t,T) / 1_ x(r.2)6 (T3, (f(w(x))))dxdf}
Thatis,

A2 > max { / T o (I () e

T tel0,1] )

+ /191 H(t, ) /191 x(r.2)0~ (Z5. (f(w(x))))dxdr}

01 01

1—o01
> max {gokdzl / X(L,7)(r)

T telo,1] o1

1—o01 1—o1
+BOkQ117—1/ ¢ H(t,T)/ ’ x(l,m)w(x)da:dT}
01 01

1—01 1—01
260k9¥71t16r}g)§] {H/ H(t,f)dT}/ X(1, 2)y(z)dz

01 01

1—p1
> 80407 o(01) / x(L, 2y (x)dz

01
>0 = |wl.

Thus, if w € P, N 0Qs 1, then
[Aw] = [[w]]. (3.7)

Itis evident that 0 € Qg C QQ,]@ C k. From7(3.6),(3.7), it follows from Theorem 3.1 that
the operator F has a fixed point wy, € Py, N (Q1,\Q2.%) 2 Ok < ||wi| < Ej. The proof is
completed. O

For p = 1, we have the following theorem.

Theorem 3.4. Suppose (Hy) and (Ha) hold, let {01 }72, be a sequence with ti11 < gr < ti. Let
{ER}32, and {Ox}32, be such that
Ek+1 < inlOk < a0y < Ek, k eN,
Assume that f satisfies
(B1) f(w(t)) < &(K2Ey) forall t €[0,1], 0 < w < Ej, where
1 5}
(L4 M@, 7)[[ool bl

and (A2). Then the bup (1.1) has denumerably many positive solutions {wy}7° . Furthermore,
Oy < ||lwg|| < Ey for each k € N.

Ky < min{
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Proof. For a fixed k, let 2 ;, be as in the proof of Theorem 3.3 and let w € P,, N 08 .
Again

w(s) < By = [wl;

for all s € [0, 1]. By (B1) and Theorem 3.3,

[Aw| = max { [ xt.m167 (55 () )ar

te0,1

+/017-[(t,7)/01)((7,x)d3_1( §+(f(w(x))))dxd7}

T teo,1]

1
< max {KgEk/() x(1, 7)(r)dr
1 1
+K2Ek/0 H(t,T)/O X(l,x)i/)(x)dxdr}

< Ky)E} max] {1+/0 X(t,r)dT}/O x(1, 7)Y (r)dr

tel0,1

< (14 VK> By /0 x(L ) (r)dr

+ N E2E[Ix (1, 7) oo W11

<(1
< F.

Thus,
[Aw] < flef,
for w € P,, NN . Now define Qs ), = {w € X' : |w|| < Or}. Let w € P,, N 0Ny, and

let s € [ox, 1 — ox]. Then, the argument leading to (3.7) can be done to the present case.
Hence, the theorem. O

Lastly, the case p = oo.
Theorem 3.5. Assume that (H,) and (Hs) hold. Let { Ey}52 , and {Ox}52, be such that
Ejy1 < 0] 'O < BOy, < B, k €N,

Assume that f satisfies
(E1) f(w(t)) < &(K3Ey) forall t €[0,1], 0 < w < Ey, where

. 1
Ms < mm{(l + NIX(@ 1) a9l ﬁ}

and (A2). Then the bop (1.1) has denumerably many positive solutions {wy. };2, such that Oy <
k|l < By fork =1,2,3,- - -.
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Proof. By (E1),
[Aw]| =tren[6a§]{/o X(t,T)d)_l( o+ (f(w(T))))dT

+/017-[(t,7)/01x(7,a:)¢—1( S+(f((l)($))))d$d7’}

t€(0,1]

1 1
< K> E), max {1+/0 X(t,T)dT}/O x(1, 7)o (r)dr

1

< (1+ A KqEy /O x(L, 7)W(7)dr

< (14 N KB [x (1, 7)1 [[Wloo
< Fkg.

This shows that if w € P,, NI x, where Oy ,, = {w € X : ||w|| < Ex}, Then,
[Aw] < [w]].

Define Q3 = {w € X : |w]| < O} and let z € P,, N 90y k. Then, the argument worked
in the proof of Theorem 3.3 can be applied directly to get

[ Aw]| = [lw]].

This completes proof of the present theorem. O

4. EXAMPLES

In this section, we present an example to check validity of our main results.
Example 4.1. Consider the following fractional order boundary value problem,

» (4.8)

Do (G(D P w()) + Flw(®) =0, t € (0,1), }
w(0) = DY 2w (0) = 0,w'(0) = 0,9 w(1) = 12 w(1),

where
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K2E?, w > Fy,
2p2__p20n)2
ﬁzonr%(w_ok), Or<w<E keN,
flw)=19 5202, 0k <w < Ep, k€N,
919 5202 K2E2 -1
KYE} 4 g g (@ = Birt)s Bt <w <77 Op k€N,
07 w = 0,

k
31 1
th=r =) o k=1,2,3,
T 64 4+ 1)

Let
31 1 1
=q=2,t, = — — -  for k=123 ... — (¢t t
p=4q y Uk 64 ;4(j+1)47 or y 4y D,y y Ok 2(k+ k+1)7
then
o115
173 a8 T 32 %75
and
thr1 < 0k < tg-
Therefore,
1
n—1 _
Qk >W7k—1,2,37"'
It is easy to see
15 1 1
tih=—<~-, for k=1,2,3,--- , t, —t =,
1 32<2, or g Ly 9y s Uk k+1 4(/€+2)4
. =1 72 =1 7wt .
Slncezﬁ =% andzﬁ = %,1’: follows that
k=1 k=1
P lim = o) 3 L
= lim t, = — — T —
koo © 64 A+ 1)
_4T 7l
64 360 5’

Ss 2 1/2 1 5 4 1/2
A

= tren[g>§] {H(t s)}

_ L(n —€)0(y +9) v L o1
- [C(n+6) —T(n—e)]T(nI(5) te[m]{/o =) }

~0.7506812224 - max {115’71}
tefo,1] | 2

~0.3753406112,
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ofer) =1+ max {/;_m H(t,T)dT}

te[0,1
I'(n—e)l'(n+9) {/1_01 -1 51 }

=1+ max t"—(1-—r71 dr
[T+ 0) — T — I T@T) o U, 1=

=1.024617247

! 9 4 4
1 ds = —, it foll that 1 =41/— 0.1 21
/0 [x(1,s)]" ds o5 it follows tha [x(1,s)]2 o 0.1399582105

1—01
0" o(01) / X(1, $)¢(s)ds = 0.3193476457 x 1.024617247

01

1—p01 1— g1 _(1—g)n1 e
O AL T
o1 T'(n) I'(e+1)
<0.3193476457 x 1.024617247 x 0.08733438065
=0.02857660458.

1
B = max{ — — , 1} > 34.99366054.
o1 o(or) [ x(1L, 5)b(s)ds
So, taking 8 = 35. Thus,
1
K < = 8.776300099.

(1 + ML, )l
So, taking, K; = 8 and Next, taking
O = 1072Ck D and Ey, = 1074,
then
1
Epy1 = 10739 < a7 ¥ 107442 < 1710,
< Ok‘ — 107(4]@“‘1’2) < Ek — 1074]{,"
BOy, =35 x 1072k <« 8 x 10~% = K, E},.
Also, [ satisfies conditions:
f(w) <O(K1Ey) = KiE} =64 x 107, w € {07 10—4’“]
f(w) > d(B0y) = B0

=1225 x 10~ e {31/2 x 107 2(2k+1) 10—2<2’€+1>}
b 5 b

Hence, by Theorem 3.2, the bvp (4.8) has denumerably infinitely many positive solutions
{wlF} | with 1076 < ||| < 1074, 10710 < Jw®| < 1078, 1071 < || wB)| < 10712
and so on.
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