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New integral inequalities for geometrically convex
functions via conformable fractional integral operators

SAIMA RASHID!, AHMET OCAK AKDEMIR?, MUHAMMAD ASLAM NOOR? and
KHALIDA INAYAT NOOR?

ABSTRACT. We establish several basic inequalities versions of the Hermite-Hadamard type inequalities for
GA— and GG —convexity for conformable fractional integrals. Several special cases are also discussed, which
can be deduced from our main result.

1. INTRODUCTION

We will start with some well-known definitions and concepts as followings.
Anderson et. al. mentioned mean function in [6] as following:

Definition 1.1. A function M : (0, 00) x (0,00) — (0,00) is called a Mean function if

(1) M (x,y) = M (y, ),

(2) M (z,z) =z,

(3) z < M (z,y) < y, whenever z < y,

(4) M (ax, ay) = aM (z,y) for all a > 0.

Based on the definition of mean function, let us recall special means (See [6])

1. Arithmetic Mean: M (z,y) = A (z,y) = ZH2.

2. Geometric Mean: M (z,y) = G (z,y) = ﬁ

3. Harmonic Mean: M (z,y) = H (z,y) = 1/A (%, 1

4. Logarithmic Mean: M (z,y) = L(z,y) = (x —y)/(logz —logy) for x # y nd
L(z,z) = .

5. Identric Mean: M (z,y) = I (z,y) = (1/e) (2= /y")" "% for z # ynd I(z,z) = .

In [6], Anderson et. al. also gave a definition that include several different classes of

convex functions as the following;:

Definition 1.2. Let f : I — (0, 00) be continuous, where I is subinterval of (0, c0) . Let M
and N be any two Mean functions. We say f is M N-convex (concave) if

f(M (z,y)) < (Z)N (f (2), f ()
forall x,y € I.

In [20], Niculescu mentioned the following considerable definitions:
The AG—convex functions (usually known as log —convex functions) are those functi-
ons f : I — (0, 00) for which

zyeland A e [0,1] = fQz+(1-Ny) < f(@)" 7 fy), (1.1)
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i.e., for which log f is convex.
The GG —convex functions (called in what follows multiplicatively convex functions)
are those functions f : I — J (acting on subintervals of (0, c0)) such that

z,y€land A€ [0,1] = f (a:l_AyA) <f (m)l_A f (y))‘ (1.2)

The class of all GA—convex functions is constituted by all functions f : I — R (defined
on subintervals of (0, c0)) for which

z,y€land A€ [0,1] = f (2! M) < f )"+ ). (1.3)

Besides, recall that the condition of GA—convexity is 22 f” + zf’ > 0 which implies all
twice differentiable nondecreasing convex functions are also GA—convex.
Let us recall the definition of Riemann-Liouville fractional integrals as:

Definition 1.3. (See [18]) Let f € Li[a, b]. The Riemann-Liouville integrals J¢, f and J3* f
of order a > 0 are defined by
« 1 ! a—1
Ja+f(t)—m/a (t—x)*  f(x)dx, t>a
and
L b
J“;ft:—/ x—t)*" " f(x)dx, t <
b ( ) F(Oz) ] (
respectively where I'(ar) = [~ e~ *t*~1dt. Here JO, f(t) = JO_f(t) = f(t)
In the case of o = 1, the fractional integral reduces to classical integral.
We will mention the Beta function (See [38]):
'(a)T(b)
T(a+0b)

where I' (o) = [;° e~t*~!dt is Gamma function.
Incomplete Beta function is defined as:

1
B(a,b) = :/ e ra =0 tdt,  ab >0,
0

x
B, (a,b) = / (1= dt,  a,b> 0.
0

In spite of its valuable contributions to mathematical analysis, the Riemann-Liouvile
Fractional integrals have deficiencies. For example the solution of the differential equation
that is given as;

2
I'(2.5)
where y(2) is the fractional derivative of y of order i

The solution of the above differential equation have caused to imagine on a new and
simple represention of the definition of fractional derivative. In [17], Khalil et al. gave a
new definition that is called “conformable fractional derivative”. They not only proved
further properties of this definitons but also gave the differences with the other fractio-
nal derivatives. Besides, another considerable study have presented by Abdeljawad to
discuss the basic concepts of fractional calculus. In [1], Abdeljawad gave the following
definitions of Right-Left conformable fractional integrals:

Definition 1.4. Leta € (n,n+1],n =0,1,2,...and set 5 = a—n. Then the left conformable
fractional integral of any order o > 0 is defined by

(12 £)(t) = / (t— o) (@ — a)* f(x)de

Tl
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Definition 1.5. Analogously, the right conformable fractional integral of any order a > 0
is defined by

n!

b
L0 = [ =070 —0)" @)

Notice thatifa =n+1then 8 =a—n=n+1-n =1, hence (I¢ , f)(t) = (JI f)(t)

and ("Li+1.f)(t) = (J; 7' f) (B).
In [17], Khalil et al. gave the following definition:

Definition 1.6. (Conformable fractional integral) Let o € (0,1], 0 < k1 < k2. A function
h: [k1, ko] — Ris a-fractional integrable on [k1, k2] if the integral

K2 K2
/h(m)dam: /h(x):cafldx
K1 K1

exists and is finite.
All a—fractional integrable functions on [k1, k2] is indicated by L, ([1, k2]).

Remark 1.1. (See [17])

) () = 6 = [ 18

K1

where the integral is the usual Riemann improper integral, and o € (0, 1].

In [1] and [17], authors have pointed that the Riemann-Liouville derivatives are not
valid for product of two functions. In this case, the inequalities that have been proved
by Riemann-Liouville integrals are not valid. The results which are obtained by using
the conformable fractional integrals have a wide range of validity. (Let us consider the
function f defined as f : R™ — R, f = z?¢® which is convex.) For related papers see [36]-
[4]. Recent results, generalizations, refinements and improvements on different kinds of
convexity and inequalities involve fractional integrals can be found in [2]-[6], [8]-[16],
[19]-[39], [5], [23]-[35].

In this paper, a new integral identity has been established and based on this new iden-
tity some new integral inequalities have been proved by using conformable fractional in-
tegrals for functions whose derivatives of absolute values are G A- and GG-convex functi-
ons. Several special cases of our results have also been considered.

2. MAIN RESULTS

In this section, we derive some new Hermite Hadamard type inequalities for confor-
mable fractional integrals GA- and GG-convex functions. We denote I = [a,b], unless
otherwise specified.

In order to establish our main results, we need a lemma which we present in this section.

Lemma 2.1. Let f : I C Ry = (0,00) — R be an a-fractional differentiable function on the
interior 1° of I, where a,b € I witha < band f’ € Ly[a,b]. Then if Do, € Lq[a, b], the following
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equality holds:

b 0) — o (@)~ [ fla)dar = (2.4

Proof. Assume that

Il
~
=

Now consider
1
I :/(b%a%)”lf’(b%a%)dt.
0

By the change of the variable z = b az and integration by parts, we have

b
L = #lna/maf’(z)dx (2.5)

Inb—
Vab
oW f (1) — (ab)3 FVAB) 20

o a—1
Inb—1na Inb—1na v f(@)dz

206 £(b) — (ab)% F(Vab)]  2a

Inb—1na " Inb—1Ina

f(@)dyx.

é\v é\w
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Similarly, one can get

5 Vab
_ o pl
I, = e /x f(x)dx (2.6)

a

2(ab)Ef(Vab) —a*f(a)]  2a t;
Vab

Inb—1Ina Inb—1Ina

By adding 2.5 and 2.6, we obtain

b
2 o N
I = i 1)~ 0 f(@) [ f(a)das).
Multiplying by Inb—lna 1n 2 the resulting equality, we get the desired inequality. 0

Remark 2.2. If we set o = 1, then Lemma 2.1 reduces to Lemma 2.1 of [19].
Our first result is given in the following theorem.

Theorem 2.1. Let f : I C Ry = (0,00) — R be an a-fractional differentiable function on the
interior I° of I, where a,b € I witha < band f' € Ly[a,b]. If | f'|9 is GA-convex on I for g > 1,
then we have following inequality for conformable fractional integrals;

b

b F () — a®f(a) — a / F@)daz

a

2.7)

Inb—Ina)™v o
(In na)1 L e
2(a+1)d

+f@wmb2—az>—uazwzﬂ}
:f{u<n%< 90y 4 L(a"F )]

HP@IE - L@ )}

Proof. From Lemma 2.1, using the property of modulus and G A-convexity of | f'|?, we can

write
b*f(b) —a®f(a) — a/f(:v)d T (2.8)
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_ (an)F (lélb—lna) K/l (z)wdty_;

0

1

1
([ @ pwsaspa)
a

0
( 1 ( ) 7
o a+1f 1 B

(&) ([ i) ]

b
0

By computing the above integrals, we get

o _

1
(D‘+1)t t 1t
L = /g FOTa )| a (2.9)
0
(Ot+1)f 1+t
< / @i+ 1ol o
0
L F pefy _ g2
! q
= |f (a)| (atD)
a2 (a+1)(Inb—1na)
(at1) (a+1) (o
P ) L)
a(agl)(a—l—l)(lnb Ina)
Similarly, one can compute I,
1
Q. latD)t i
[ et 210)
0
< 20 L b
- b7 (a+ 1)(Inb — Ina)
e (L(am;l),bmm)

/b :
+|f( )l b(a‘gl) (a+1>(]nb—lna)

Also, it is easy to see that

1 1 1
(at+1)t 1-3 efl peddy N\
(/(2) : dt) :(L(“’b)ai) . (211)
/ .

Combining 2.8, 2.9, 2.10 and 2.11, we obtain the required result. O

Remark 2.3. If we choose a = 1, then Theorem 2.1 reduces to Theorem 2.2 of [19].

Theorem 2.2. Let f : I C Ry = (0,00) — R be an a-fractional differentiable function on the
interior I° of I, where a,b € I witha < band f' € Ly[a,b]. If || is GA-convex on I for g > 1
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1

and p=t + g~ = 1, then the following inequality holds for conformable fractional integrals;

b
bF(b) — a® f(a) - a / f(@)doz

Inb—Ina g(a+D)t  glat1)t 1_% atl , , q
1121+;[L(a o= bz((q B )} {b : {A(|f(a)|q73|f(b)|q>}
+a"‘¥1{A<3yf’(a) a f’(b)\q>}q}

Proof. From Lemma 2.1, using the property of modulus and G A-convexity of | f/|?, we can
write

(2.12)

|~

b

b f(b) —a®f(a) — / f(z)dax (2.13)

1 , 1-1 1 1
_ (@) h“b Ina) K/ q2(<qt11)> dt> ' (/!f’(b1+ )| dt)
a
0 0
1 _1 1
(e o)
0 0

1
14t 1

L = / b= a )| de (2.14)
0

1 1
Log [+t .o [1—t
b)| /—2 dt + | f'(a)| /—2 dt
0 0

|/ (a)|" + 3] £/ (b)|*
- .

Now consider,

IN

Similarly I, becomes

[ izt 3 ()| + |7/ 0)]
/|f’(b#a%)|th < 1 . (2.15)
0

By a simple computation, one can see that

(a4t glat)t _q_1

1 1 q
b aletn)t 1-3 L(a2G-1 p20a—1 a
Q) =[] 2.16)
0

a a 2@-1)

Combining 2.13, 2.14, 2.15 and 2.16, we have the required result. O
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Remark 2.4. If we choose a = 1, then Theorem 2.2 reduces to Theorem 2.4 of [19].

Theorem 2.3. Let f : I C Ry = (0,00) — R be an a—fractional differentiable function on the

interior I° of I, where a,b € I witha < band f' € Ly[a,b]. If | |9 is GA-convex on I for g > 1,
then the following inequality holds for conformable fractional integrals;

(2.17)

b
b F(b) — a® f(a) - a / f(@)doz

(lnb —In a)l_}lq { |:|f ( )|q[ ( q(0‘2+1) )7 bq(afrl) ) _ aq(ag+1) )}

2(g(a+1))
1
—&—\f’(b)\q[@quzﬂ) EEC N L(aq<a2+1> , q<a2+1)))]}
s [If (@ )|q[(b7(02+1) B 2aq<a2+1>) JrL(aq(a;m,bq(a;rl) )] N

g(a+1) q(a+1) g(a+1) %
O T )]] }

Proof. From Lemma 2.1, using the property of modulus and G A-convexity of | f'|?, we can
write

(2.18)

=

1 1
- R [y ]
[ (G

1

1 l
( 1dt> ( (9 F | ' !th> } : (2.19)
F) (o

By computing the above integrals, we have

b ety
a

L = ) 1F/(bF )| at (2.20)

(

IN

o O~

(

O @i S @
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(a+1) q(at+1) g(at+1)
2

La™ =2 0"z )—a

[/ (a)]* @
[ gla+1)(Inb—1na)a o) ]
q(a+1) a(a+1) a(at1)  g(atl)
R e
g(a+1)(Inb—In a)a%
Similarly, one can see
1
<a+1>t
/ % Flla = b)) at 2.21)
0
q(a+1) q(a+1> g(at+1)
s|fwwr’2 — e ﬁﬂLQ]
¢(a+1)(Inb—Ina)b™ 2z
(oct1) (at1) (at1) (at1)
+|f’(b)|q[(bq —207% ) LT b )]
g(a+1)(Inb—In a)b%
Combining 2.18, 2.20 and 2.21, we obtain the required result. O

Remark 2.5. If we choose oo = 1, then Theorem 2.3 reduces to the Theorem 2.5 of [19].

Theorem 2.4. Let f : I C Ry = (0,00) — R be an a-fractional differentiable function on the
interior I° of I, where a,b € T witha < band f' € Ly[a,b]. If | f'|9 is GA-convex on I for g > 1,
then the following inequality holds for conformable fractional integrals;

b
)~ a*f(a) ~ o [ f(a)das (2.22)

a
(lnb —1In a)k% |:L( (qu))(ul;rl) b(q;g))(al;rl) ):| 1_%
1 a =a=bo, -
2(p(a+1))7
{ [ Lﬂﬂf ’ IL( p(a2+1>,bp<a2+1>) B ap(a;l)}
1

+’f/(b)‘q [(2[)% _ a%) _ L(ap(a2+1) 7 bp(a2+1) )] }]

a+1
+ [a 2

1

_|_|f/(b) |q [bl’(a;l) ) _ L(ap(a2+1) 7 bp(a2+1) )] }:| }

Proof. From Lemma 2.1, using the property of modulus and G A-convexity of | f’|, we can
write

p(a+1) plat) platl)  platl)
[

—2a 2 )+ L(af,bf)]

(2.23)

1
- lnb_ln“[/(blitalz‘)mDa(f)(b%‘alzt)dt
0
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1
+ [ (b aF) a(f)(bl?alét)dt]
[o

1 1 i

_ (@) 1nbflna K / (3 s g ) ( / 2y bzfaaf)m)"
a a
0 0
1 1 1 1
a (at1)(g—p)t q p(a+l)f i ;
() ([ rasra) ]
0 0

By making use of necessary computations, we have

1
n o= /(S)p(a}ﬂf’(b%a%)\th (2.24)
0
1
b pletnt [1 — 1
< O Fr@e e e
0

platD) | plati) platl)
Lia= = ,b = —a 2

= |f/(a)|q l: (p(a+1) ) :|
a2 pla+1)(lnb—Ina)

"(b)|¢ (Qb% — ap(a;l) — L(a S ) b%))
+ 70 — '
a” 7 p(a+1)(Inb—Ina)

Similarly I becomes

p(a+l)

1
a (‘*“)t e b= — L((a b
[ TG [T e
J b~z pla+1)(Inb—1Ina)

P(a+1) P(a+1))

} (2.25)

) bp(a+1) _ 924 p(a2+1) + L(ap(a;—l) 7 bp(oz2+1))
) — |
b= pla+1)(Inb—1na)
Also, it is easy to check that
1 1 (a=p)(at1)  (a=p)(atl) _q_1
b, la=p)(at)t I=3 L(a 2@-D ph 2D ) q
O] R . e
d a 2(-1)
Combining 2.23, 2.24, 2.25 and 2.26, we obtain the desired result. O

In this section,we will proceed a similar argument for GG —convex functions to obtain
some new inequalities.

Theorem 2.5. Let f : I C Ry = (0,00) — R be an a-fractional differentiable function on the
interior I° of I, where a,b € I with a < band f' € Ly[a,b]. If | f'| is GG-convex on I, then the
following inequality holds for conformable fractional integrals;

(2.27)

b
b L (D) — a® f(a) — a / f(@)doc

< Bl (@t e iron?)] [ it eeiron?]
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Proof. From Lemma 2.1, using the property of the modulus and GG-convexity of |f’|, we
have

(2.28)

1
_ mboIab [ e g5 G5 a
(f)
0

IN
—
=
S

|
J—
=
Q
—
O\H
—
=
off
@
w
v
Q
+
_~
\H
—
(=
m‘t
S
J
~—
&
=

+
o _
c~
w|

H
w+
Q
+
—
.
A
S
‘I
‘H
)|
-
N—
IS
~
| IS

IN

1

Inb—1 1+t 1—t\ 1+t 1—t

nzna[/(”f“) RIECIRRTOTRIT
0

1—t

<bzalz*t)“*wf'(b)rl*|f'<a>|12“>|dt}

1 t
(ab) ln b—Ina , % b (b)) 2
[/ o (i)

. / If’(a)f’(b)lé(m)édt]-

0

+

o _

IA

If we evaluate the above integrals, we get the desired results. O

Theorem 2.6. Let f : I C Ry = (0,00) — R be an a-fractional differentiable function on the
interior I° of I, where a,b € I witha < band f' € L,[a,b]. If | f'|? is GG-convex on I for g > 1
and q > p > 0, then the following inequality holds for conformable fractional integrals;

b
b F(B) — a® f(a) — a/f(:v)da:c < Inb—1Ina [L(apm;l),bp(a;l)

< b )] " 229

a
1

sl ob)| @ @) « 0ok
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Proof. From Lemma 2.1, using the property of the modulus and GG-convexity of | f'|? and
Holder integral inequality, we can write

b
1)~ a*fla) ~ o [ f(a)das (2.30)

1
Inb—1Ina 14t 1-t\ 2 o1t
- 2[/@ a5 ) Do () (b F a5 )t
0

IN
=
>
\_/
:T
>
\
5
@
| ——
VR
O\H
S \ o>
8
(A
F
v
St
7N
o\
e
—
o>
B
SN—
S
~
~__

0
SC U [(/lz“m(/w ool )
0
+(f<‘,j ) (/1|f’ RGN
0 0

If we calculate the above integrals, we get the desired result. O

Theorem 2.7. Let f : I C Ry = (0,00) — R be an a-fractional differentiable function on the
interior I1° of I, where a,b € I with a < band f' € Ly[a,b]. If | f'|? is GG-convex on I for ¢ > 1
and q > p > 0, then the following inequality holds for conformable fractional integrals;

b

b*f(b) —a®f(a) — a/f(x)dax

< BB ) @I + 0P Irer)

Proof. From Lemma 2.1, using the property of the modulus and GG-convexity of | f'|? and
Holder integral inequality, we can write

(2.31)

b

b*f(b) —a®f(a) — a/f(:v)dax

a

1
_ mb- “U “Da(f) (b F T dt
0

(2.32)

+

1—t 14t )2a

(bTa 2

o _
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1

1 1 1
b frar) ([t blows s )
0 0

1

o(Jrar)? (Juasvstye s s |

0

1 =
< (ab)*= lnb—lna K/ g t<+>q b)|12“|f'(a)|l2tdt)"
0

(= vonira®)]

By computing the above integrals, we get the desired result. O

-

Theorem 2.8. Let f : I C Ry = (0,00) — R be an a-fractional differentiable function on the
interior I° of I, where a,b € I witha < band f' € L[a,b]. If | f'|? is GG-convex on I for ¢ > 1
and q > p > 0, then the following inequality holds for conformable fractional integrals;

(2.33)

b f(b) —a®f(a) — a/f(x)dax

1

o el o) (o o)
(@PIr@) + 0TI

Proof. From Lemma 2.1, using the property of the modulus and GG-convexity of | f'|? and
Holder integral inequality, we can write

(2.34)

INA
—
=
=]
(=)
2o |
5
Q
=
| — |
Ve
o
—
f=al
-
X
S
SN—
0
+
-
<Y
~
N———
~
I

IN

1 1 1
PG| (@ ) ([ @ e ) )
0 0
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If we calculate the integrals above, we get the desired result. O
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