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Composition operators between different weighted Besov
spaces

EBRAHIM ZAMANI and HAMID VAEZI

ABSTRACT. Let D denote the open unit disc in the complex plane and let dA be the normalized Lebesgue
area measure on D. The weighted Besov space By, (c)(p > 1) is the space of analytic functions f on D such that
Jp If (2)|Po(2)dA(z) < oo, where o is a weight function on D.

In this article we study the boundedness of composition operators on weighted Besov spaces with admissible
Bekolle weights.

1. INTRODUCTION AND PRELIMINARIES

Given a nonegative integrable function o on the unite disc, the weighted Besov space
By(o), p > 1, is the space of analytic functions f on D with

1%, (o) :/D\f’(z)|Pa(z)dA(z) < 0.

In the special case p = 2, B, (o) is denoted by H,, (see [9]).
We denote by H (D) the space of all holomorphic functions on D. Given a self map ¢
on D, the linear composition operator C, on H (D), is defined by

(Cof)(2) = f(6(2)), forall z € D.

Let A € D be given. The basic conformal automorphism is defined by

a—=z
Oé)\(Z) = ﬁ, |a\ < 1.

Recall that p(z, ) = |aa(2)] (pseudohyperbolic metric) and
E\r)={z€D:p(z,\) <r},
for A e Dandr € (0,1).

Definition 1.1. The weighted Bergman space A”(o) (p > 0), is the the space of analytic
functions f on D with

i) = [ I @Po(AG) <o

Definition 1.2. For a given analytic self-map ¢ of D, the classical Nevanlinna counting
function N, is defined by

Nﬂﬂzzwwﬁdwé] (= € D\{6(0)}).
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Definition 1.3. Let ¢ be an analytic self-map of D and ¢ a weight function on D. We
define the function

Roo(2)= Y o(w) (=€ D\{¢(0)}).

wep—1(2)

As in the case of the classical Nevanlinna counting function Ny, we understand that
Ny o(2) = 0for z ¢ ¢(D) and w € ¢~!(z) is repeated according to the multiplicity of
zeros of ¢ — z. Conventionally, we consider that 8, ,(z) = 0if z = ¢(0). We call Xy, a
generalized Nevanlinna counting function.

The composition operators on different spaces of (analytic) functions are studied by
many authors, see for example [2], [3] and [8] . The books [6], [11] and [13] are good
resource in this context. Tjani give a Carleson measure characterization of the compact
composition operators on Besov spaces. She solved the boundedness and compactness
problem for composition operators on Besov spaces in [16]. In [10], Kumar and Sharma
give a unified approach to some known and some new creteria for bounded and compact
composition operators between Besov spaces. In [17] we gave results on composition
operators on Besov type space. In this paper we characterize the bounded and compact
composition operators from B, (01) into B, (c02) in terms of the behavior of the generalized
Nevanlinna counting function, where o, and o are weight functions. Throughout this
paper, the notation a < b means that there exists a positive constant C' such that o < Cb.
Moreover, if botha < b and b < a hold, then one says that a ~ b.

Definition 1.4. For each o > —1, let dA, denote the normalized measure on D. Forp > 1
and a > —1, the class B, («) consists of all weight functions ¢ with the property that there
is a constant C' > 0 such that for every

S(a) = {ax(z) : Re(za) <0}, a€ D,

we have

p
7

([ odrn([ oFda)? <cas@)y,
S(a) S(a)
where p’ is the conjugate of p. Note that we put S(0) = D.

In this paper, o denotes a non-negative continuous function on [0, 1) such that o(r) <1
forr € [0,1).
For z € D, we write o(z) = o(|#]) and call such ¢ a weight function on D.

Definition 1.5. Let the weight o satisfies the following three properties:
(i) o is non-increasing;
o)
(ii) (A=)
(iii) lim o(r) = 0.
r—1

is non-decreasing for some ¢ > 0;

If o also satisfies one of the following properties:

(iv) o is convex and }E o(r) =0;or

(v) o is concave,

then such a weight function is called admissible ( see [9]). If ¢ satisfies conditions (i),
(ii), (iii) and (iv) then it is said that ¢ is I-admissible. If o satisfies conditions (i), (ii), (iii)
and (v) then it is said that ¢ is II-admissible. The weight o is called admissible if it is
I-admissible or II-admissible.

For the Bekolle weights we refer to [1].
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Definition 1.6. A weight function o is called an admissible Bekolle weight if o satisfies
(i) % € By, (o) for some py > 1 and o > —1,
(ii) o is non-increasing on [0,1),
(iii) % is non-decreasing on [0,1) for some ¢ > 0.

Examples: Let z € D.

o The weight o(z) = 1 is not admissible weight.

e The weight o(2) = (1 — |2]?)“ is Bekolle weight for —1 < a.

e The weight (2) = (1 — |2]?)® is not admissible Bekolle weight for —1 < a < 0.
e The weight o(z) = (1 — |2]?)* is admissible Bekolle weight for 0 < a.

We need the following results in our proofs.

Lemma 1.1. [12] Let p > 0 and o be an admissible Bekolle weight function.Then for each f €

AP(a),
: [1f1l 7o)
@ [f(2)] = T 7
o(z)v (1 —|z2)7
/147 o)

(i) | f'(2)] =

o(z)7 (1= [22)' 5

Lemma 1.2. [4] Letr € (0,1),8 € N,p > 0,y > —1 and w is a positive weight function . Then
there exists k > 1 independent of A € D such that

(Jp, , w(z)dA(2))?
k(1= [\ +5+2

(Jp,, w(z)dA(2))?

=8

where Dy, ={z: |z — A <r(1—|\))}, K] = W and éﬁm(z) = 6?Kg(z)|gz>\ .

Lemma 1.3. [5] Let p > 0, po > 1, « € (0,1), n > —1 and suppose py > p. Assume that

w Po
—F—— €B dvy > 2)— —2.Th
(1 _ \z|2)" € Po(n) anar~y = (77 + ) P en

(fp, . w(z)dA(2))¥
1B ~ D(i — )2

Definition 1.7. For each weight o, we put
1
W (2) :/ (t = |2 o(t)dt (z € D).
|2|
Then we see that w, is non-increasing convex and w,(z) — 0 as |z| — 1.
Lemma 1.4. [12] If o is an admissible Bekolle weight function, then it holds that
wo(r) = (1 =r*)%a(r)
for every r € [0, 1).

Lemma 1.5. [14] There is a constant C' such that, for every function f analytic on D, q¢ > 2 and
all A € D,

C
S PaA (1 —)\2)2 1dA(z).
Jo, 1V PaAG) S G | IovaAC)

Lemma 1.6. Let p > 1 and o be an admissible Bekolle weight function. Then for each f € By(o),

, 1/ 1| B, ()
@1f'(2)] = T
o(z)7 (1 —[2*)7

9
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.. 11l B (o)
(i) | f7(z)] = " T
PO o=
Proof. Since f € By(0),so f' € AP(o). By using Lemma 1.1 the Lemma is proved. O
Definition 1.8. For f € H(D), Hardy - Littlewood maximal function f is defined by
1

A(B(=.5)) /B<z,5) 71dA,

M[f](2) = sups>o

where B(z,0) = {w € D : |w— z| < }.

Note. Since we can find a positive constant ¢ such that
E(z,3) C B(z,c(1 — |2[%)) for z € D, it holds that

G Lo, A M) 2D )

Lemma 1.7. Let p > 1 and o be a weight function. Then it holds that
1
_ '
1115, ) = 17O + /D PP ) / (09 )o(r)rdr}aA(:),

for f € H(D).

Proof. By using |,y ~ |FO) + [ [f(2) 217 () 2[ (log 2o (rrdrkdA(), (see
[12]), the Lemma is proved. O

Lemma 1.8. Let p > 1 and o is an admissible Bekolle weight function.Then we have

1 o(z)
/D 11— zw[p@+2) o(z)dA(z) = (1 |22)pletD—2"

Proof. The proof follows by using Lemmas 1.2 and 1.3 . O

2. BOUNDEDNESS

In this section, we study the boundedness of the composition operator on weighted
Besov spaces. As an easy cosequence of Littlewood's subordination principle ( see [6] or
[11]) we see that Cy is bounded on H,, for each I-admissible weight o. For the case of
II-admissible weight o and ¢ € H,, Cy is bounded on H, if and only if

Supja 2 ()") < co. (seel9]) 2)

One can say that our main result (Theorem 2.2) is a generalization of the relation (2.2)
for By (o).

Theorem 2.1. Let p > 1, o is an admissible Bekolle weight function, p and p’ are conjugate
exponents. Then Cy, : By(0) = Bz (0) is bounded.

Proof.

CorflE ) = [ la@F @) o))

s

IN

{/D{\a’xz)l?}pa(z)d/x(z)}%
([ 1 @@Pea <.
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The last inequality follows from Holder inequality and
(1= AP o(2)
)P A AZ)  ———
/ |0\ (2)[Po(2)dA(z) = / 1 " 0(2)dA(2) AP < 00,
(from Lemma 1.8). O

Lemma 2.9. Let p > 1, ¢ be an analytic self map of D and o is an admissible Bekolle weight

function.If
R 110
(1 = lo(=)])?o(o(2))
then The composition operator Cy is bounded on By (o).

< 00, (2.3)

Proof. By using Lemma 1.6 we have
& ()]
126l = [ 17 GEDPIS P A)IAR) < supep g1,

So the claim follows. O

Lemma 2.10. Let p > 1, ¢ be an analytic self map of D, o is a weight function and the relation
(2.3) holds. Then

I£001, o) ~ 16O @O+ [ [(Fod) (700" (2 \{/ Ni(r, 2)or(r)rdr}dA(2)
for f € H(D). Here N (r,w) denote the partial counting function for I defined by
Ni(r,w) = E|U,‘§Tlog|;—‘ (we D—{0},r€(0,1)).

Proof. Puting ®(z) = |¢/(2) f'(¢#(2))|P and F = I in Stanton’s formula ([7]) we obtain

(2m)1 / " 18 (re®) f (o)) PdB = |6 (0) ' (B(O))] + / Nifru)du(e)  (@4)

where dy is the Riesz measure of & = |(f o ¢)’|. Since Riesz measure of |(f o ¢)’|P (see [15])
is given by

dp(w) = p?|(f 0 ¢)'(w)|"72|(f 0 ¢)" (w)[*dA(w),
multiplying both sides by 2ro(r) and integrating with respect to r from 0 to 1, in relation
(2.4), we obtain the desired formula. |

Theorem 2.2. Let oy be an admissible Bekolle weight function, oo a weight function, 1 < p <
2)|?

g < 0o, 3 < qand ¢ is analytic self~map of D with S“pzeDuw(lz)f)W < o0. Then
Cy : Bp(o1) = By(02) is bounded if and only if
Rr i, (2) = Owe, (2)7) (2] = 1). (2.5)

Proof. Let that relation (2.5) holds . Hence we can choose a constant K > 0 and ¢ € [%, 1)
such that
N7 w,, (2) < Kwal(z)% z € D\roD.
For fixed f € B,(01), by Lemma 2.10, we have
1
1Csf s, (o) = |¢'(0)f’(¢(0))lq+/D [(fog) ()| 2|(fod)" (2)P{ | Ni(r,2)oa(r)rdr}dA(z)
0

Put

L(Cyf) = 18/(0) 1 ($(0))]7 + / I o dY RIS o 0 I / Ny (r, 2)o (r)rdr}dA(2)
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1
L(Cyf) = |6/ (0) F/(6(0))]1+ /D (Fod) ()72 (foa)" () / Ni(r, 2)o(r)rdr}dA(z).
Since 1 < g — 2, by using Lemmas 1.4 and 1.6 we have
I(Fodlst,,  Ifodlst,,
OO T an()5
I(f o)l (01) ||fO¢H2Bp(a'1)

foo)' () = 5 R ; :
: {o1(2)(1 = 22237 (1 = [2)? wo, (2)7 (1 = |2]?)?

|(f o) (2)|"2 =

)

and

Therefore
1

Woy (2)7 (1 = |2[2)2

Ii(Cy f) 2 maz; <,

G200 [ L] Nitr2ioararyaace),
’ 2.6)
Put f(2) = % + 2,
ICof1 0y = [, 10+ DI N o2(A).

Puting ¢ = I in lemma 2.10 and using above equality we have

/T o /0 Ny 2)oa(r)rdr}dA(2) < 2 27)
From relation (2.6 ), we get
2 fo gl .,
o (2)F (1= [2]2)2

Put c =in vemM where E(z,t) = {w € D : |¢,(w)| < t}. Since I(0) = 0 Schwartz’ s
lemma shows that each u € D satisfies ¢ < |u|. Thus we have the following inequalities

L(Cyf) 2 maz |z <y, (2.8)

1 1
log— < —(r—lul) < -(r—|u
o< =) € £ = fu)

for |u| < r < 1. These give that for fix z € D\roD.

/ Ni(r,z)os(r)dr < iNI oy (2)- (2.9)
Hence

I(Cyf) 2 K . 5|(fO ) (2)|"2(|(f 0 0)"(2)Pwo, (2) 7 dA(2).
To
By Lemmas 1.4 and 1.6, we have
1f ol 5 (o
(f o) |7? 2 =2 (fo gy |~

Woy (Z) P

Therefore,

B(Cof) 2 KICaf I8y [ 10700V 21(7 00" Puoe (:1aAL2)
Since we have

1 r
we, (2) < /||(log| |) 1(r)rdr, (2.10)
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by lemma 1.6 we obtain

/D |(f 0 6(2)) IP72I(f © 6(2))"Pwe, (2)dA(2) < |If 0 6ll, (01)-

So, I5(Cs f) =X ||f © ¢l B, (0r)- Thus, we conclude that Cy(B,(01)) € B,(02). By the closed
graph theorem,
04, : Bp(al) — Bq(o’g)
is bounded.
Suppose Cy : By(01) — By(02) is bounded. Fix |z| > § and put
(L [s) 277

T weD
01(2)7 (1 — zw)*H (a + 2)Z

f2(w) =

and

v 1—‘Z| (a+2)p 2
e o1 (w)dA(w).

(1 — zw)(e+2)p

By Lemma 1.8, it follows that f, € Bp(al). Therefore, Lemma 2.10 gives
1
ICatl oy = [ o0V @I 2100 P | Nilrw)oatrirdrydAw)
D 0
100 G212 00" ()N dA )

Vv

v

./ vy 120 ) ()|"2|(f= 0 0)"(2)| N1, dA(w).
E(z )

’2

.11)

Since |1 — zw| ~ 1 — |2|? for w € E(z, ‘ ‘) Lemma 1.4 gives

o0 o) (w)]42 o )" (w)|? ~ (a+2) |Z|2 :
(F0 @) I 0 ) @I~ = e

By the above inequality and relation (2.11) we get
1 1 /
q R Weo W dA(w =1
o (@ E A= PP S g o (00400)
for z € D with |z| > £. Since one has 1 — |z| < 2|z|, for 2| > %, by using
1
N = N A 1 12 2.12
b )2 e [, Neen (0)A@) (<L <D, (see ), @12)

we get

q 1
Rron, () % o, ()7 for 12> 5.
(I

Theorem 2.3. Let oy be an admissible Bekolle weight function, oo a weight function, 1 < p <
q < 00, q > 3and ¢ is analytic self-map on D with
CACS

sup < 00.

zen (1= [0(2)])?01(¢(2))

If

/ Rees (&) 0 0 0aa() < oo (2.13)
b e | |

then Cy : Byp(01) — Bq(02) is bounded.
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Proof. By Lemma 2.10, it is enough to prove that

/|f¢ ()2I(F 0 ¢)(z |{/sz Prdr}dA(z) <

forany f € By(01). To prove this we will decompose the integral over D into two integrals
over 1D and D\1D. By relation (2.8) we have

[ (o d) ()T 2(f 0 6 () / Ny(r, 2)o (r)rdr}dA(z)
=D 0

4
q
29| f o ¢||Bp(gl)
Wy (2)7 (1= |2[2)?

Hence we may consider the integral over D\ 1D. From relation (2.9) we have that

= MATz|<r

1

N](’r‘, Z)O’Q (T’)T’d?" = NI,w(,z (Z)
0

for z € D\iﬁ. From relation (2.12) we obtain
Joapl(f o) (@)2(f 0 0)"(2)]? {Jy Ni(r,2)|o(r)rdr}dA(2)
< fp |7 0 @) DT 0 0)"(2) P ey U 1) R, (w)dAw) }A(R).

By noting that xp(.,1)(w) = Xp(w,1)(2) and 1 — [z]> ~ 1 — |w|* for w € E(z, ), and
applying Fubini’s theorem, we have

0 @) ()72 (f o d)"(= 21 w w z
S e AN 0 O [ W (A a4 ()

E

// LN aV @I 00 ()P aA: >}(“’”2(| ))dA<w>.

Since Lemma 1.5 gives that

! 92 o)’ ; 0 d) ()| »
Joo ) [ QI N AP < s [ 700 (A

we obtain
Joss [(F o @) (I772I(f 0 6)"(2) L fy Ni(r,2)os(r)rdridA(z)
< Sl oy 1(F 0 8) (2)[7dAG)} ez dA(w).
By applying Fubinis theorem to the last formula once again, we have
Jonas (£ 0 0) (2)172(f 0 ¢)"(2) {Jy Ni(r, 2)os(r)rdr}dA(2)
< o l(F 0 0V (M ey, T2pyrdA(w) HA(2).
Hence, Holder’s inequality gives us
Jo (£ 0 8) ()| (e, 3) T2 dA(w) }A(2)

q N7 w,, (W) _p_ =P p=q
= [[p IS z)|901(2)dA(2)]» fD{fE(z,%) WdA(w)}pfqal(z)p—qu(z)] P
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Since 01 (2) ~ o1(w) and 1 — |2|? & 1 — |w|?, for w € E(z, %), it follows by Lemma 1.4 and
relation (1.1) that

N[ Wo'
Sy AR AA@w)}

71(2) R, wg, (W)
= e fE<z,2) e dA(w)
‘71(2 R7,u, (W)
a—z1?)? fE(z WdA(w)
Rrwg,

< m(z)M[ﬁ](z) (= € D).

Thus the Hardy-Littlewood maximal theorem shows that

pP—gq

N7 wg, (W) P —q
fD{fE(Z72) ey dA(w)}r=i01(z)P=7dA(z)] 7
NI »Waoo
=M=

Wi WL (04 (w)

< |||
< R

L voq (o1(w))’

Finally, the above inequalities gives

1Cs () B, (oz) < 00
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