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The modified Schultz index of graph operations

PAULA CARVALHO and PAULA RAMA

ABSTRACT. Given a simple and connected graph G with vertex set V, denoting by dg (u), the degree of a
vertex u and by dg(u,v) the distance of two vertices, the modified Schultz index of G is given by S*(G) =
> {uwcv da (u) dg (v) dg (u, v), where the summation goes over all non ordered pairs of vertices of G.

In this paper we consider some graph operations, namely cartesian product, complete product, composition
and subdivision, and we obtain explicit formulae for the modified Schultz index of a graph in terms of the
number of vertices and edges as well as some other topological invariants such as the Wiener index, the Schultz
index and the first and second Zagreb indices.

1. INTRODUCTION

Let G = (V, E) be a simple and connected graph. The cardinality of V' is called the order
and the cardinality of E is called the dimension of G. The elements of E are denoted by
uv, where u and v are the end-vertices of the edge uv. For a vertex u € V, dg(u) denotes
the degree of v and the distance between two vertices u and v of G, dg(u,v), is the length
of the shortest path between the vertices u and v. The distance from a vertex w to an edge
e = ujug is defined by d§, (w,e) = min{de(w, u1),de(w, us)} and the distance between
two edges e and f is defined by D¢ (e, f) = min{d},(u1, f), df(ue, )}

The Wiener index of G, introduced by H. Wiener in 1947 [12] and defined by W(G) =
> (uwycv da(u,v), is widely studied in the literature. The edge Wiener index is defined, see
[7], by We(G) = Z{ﬂg}gE Dc(f, 9)-

The line graph L(G) of a nonempty graph G is the graph whose vertices set can be
put in one-to-one correspondence with the edge set of G in such a way that two ver-
tices of L(G) are adjacent if and only if the corresponding edges of G are adjacent. Since
Dq(f,9) =dr)(f,g) —1,forall f,g € E, an immediate consequence [8] is that

E
W(L(G)) = W.(G) + (' 9 |). (1.1)

The Schultz index of G, defined by S(G) = 3_;, ,1cv(da(uw) + dg(v)) da(u, v), often
called the degree distance of a graph (see [3], [4], [6], [11] for more references), has been
shown to be a useful graph theoretical descriptor in the design of molecules with desired
properties namely to characterize alkalenes by an integer number.

Schultz index and Wiener index are closely related quantities for trees ([5], [10]). Other
indices that can be seen as molecular structure-descriptors are the first and second Zagreb
indices. The first Zagreb index is equal to the sum of squares of the degrees of all vertices,
ie.,

Z(G) =Y dg(u) = Y dg(u)+da(v),

ueV uveE
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while the second Zagreb index is defined by Z»(G) = >, c i da(u)dg(v), being in fact equal
to the sum of the products of the degrees of pairs of adjacent vertices of the graph G.
Analogously, the first Zagreb coindex is

Z1(G) = Z (da(u) + da(v)),
w¢E
while the second Zagreb coindex is given by
Z5(G) =Y dg(u)da(v).
w¢E

The modified Schultz index of G, also known (see [1]) as Schultz index of the second kind
and even also as Gutman index, is defined by

S*(G) = Z de(u) dg(v) dg(u, v),
{uw}CV
where the summation goes over all non ordered pairs of vertices of G. For a graph G =
(V,E)and V' C {{u,v} : u,v € V}, weset 57, (G) = 3¢, 1y ev do(w)da(v)da(u, v).
In this paper we give explicit formulas for the modified Schultz index of simple con-
nected graphs, under several operations in terms of its order and dimension and other
known graph invariants, such as the Wiener index, the Schultz index and Zagreb indices.

2. MAIN RESULTS

The aim of this section is to compute the modified Schultz index for some graph opera-
tions, namely complete product (also known as join), cartesian product, composition and
subdivision. We start with a lemma that is widely used in the rest of the paper.

Lemma 2.1. [2] If G = (V, E) is a graph of order n and dimension q then
(a) Zl(G) =2q(n—1) = Z:(G).
(b) Z2(G) =2¢* - 321(G) — Z2(G).

2.1. Complete product. The complete product G = G1V G5 of graphs G; and G with dis-
joint vertex sets V; and V, and edge sets E; and Ej is the graph union G; U G2 together
with all edges joining each vertex of V; to each vertex of V5.

Lemma 2.2. [9]Let G; be a connected graph of order n, and dimension q;, i = 1,2. Then
2

(a) Zl(G1VG2) = Z (Zl(Gl) + 4qinj + nm?)

i,j=1
i#i
: 2 1 2.2
(b) Za(G1VGa) = > (mZ1(Gj) + 22(Gi) + 2qig; + 2ninjg + nig; + 5 ”a‘)~
Q=1
i#i

Theorem 2.1. Let G; = (V;, E;) be a connected graph of order n; and dimension g;, for i = 1,2
and G = G1VGy. Then the modified Schultz index of G is
2

(@) S* (@) = 5 ((2611: +ning)? = nigi(ni + 4) + 2qiq; — nin;
ij=1
ij?fj
1
+ ninjq— 5712 2 —(ni +1)Z1(G;) — Z2(Gz‘)>

(b) S*(G) =4¢* = (Z1(G) + Z2(G)), where ¢ = |E(G)| = q1 + g2 + n1 na.
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Proof. Notice that dg(u) = dg,(u) + ng if u € V5 and dg(v) = dg,(v) + ny if v € Va.

Furthermore,

0 ifu=w
dg(u,v)=¢ 1 ifuv e Eyoruv € Eyor (u € Vyand v € 13)
2 otherwise.

Hence, the modified Schultz index of G is given by
S*(G) = S;k/ll (G) + S;k/zg (G) + Sik/lg (G)7

where V;; = {{u,v} :u eV, veV;},1<i<j<2
Using Lemma 2.1, we obtain

Sé/u Z dG dG u v Z dG dg(u ’U)
uveE; {u,v}CV1
wvg By

uwveEy {u,v}CV;
wv¢ By

{u,v}CVy {u,v}CV;
wg By
Z de, (u)de, (v) + no Z (dg, (u) +dg, (v)) + Z ng
{u,v}CVy {u,v}CV1 {u,v}CVy
+ Y do,(wda,(v) +n2 D (dgy(u) +da,(v)+ Y 13
{u,v}CV; {u,v}CVy {u,v}CV1
uvg By uvg By uwvg B

= 275(G1) + Z2(Gh) + no (2Z(G1) + Zl(Gl)) + 2 (2 <n21> B q1>

= 4qi +4qina(ny — 1)+ (nin2)® — n3(n1+aq1) — (1 + n2) Z1(G1) — Z2(Gh).

Similarly,

S, (G) = 445 +4gzni(nz — 1) + (mn2)? — nf(na + g2)
7(1 + nl)Zl(Gg) - ZQ(GQ)

Finally, the last term in (2.2) is:

Svu(@) = ) (da, () +n2)(da, (v) +m)
{u,v}eVia
= ) (e, (wda,(v) +mdg, (u) + nada, (v) +nans)
{u,v}eVia

(2.2)

Y (day (u) +n2)(de, (v) +n2) 2 ) (da,y (u) +n2)(dg, (v) +n2)

Y (o (u) +n2)(de, (v) +n2) + Y (day (u) +n2)(de, (v) +n2)

(2.3)

(2.4)

= Z dGl dG2 ) + nine Z dGl + n1no Z dG2 (n1n2)2

{u,v}eVia ueVy veEVy
= (Z dGl(U)> (Z da, (”)) +2n1n2(q1 + ga) + (nan2)?
ueVy veVs

= 4q1q2 +2nina(q1 + q2) + (711712)2-

(2.5)

Adding (2.3), (2.4) and (2.5) we obtain formula (a). Formula (b) is a consequence of (a)

together with Lemma 2.2.

O
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Example 2.1. The modified Schultz index of the complete split graph CS,, = K,VK,
can be computed using formula (a) of Theorem 2.1: S*(C'S, ) = 2((¢—1)* +p*(5¢ — 1) +
p(4¢*> — 8q + 2)). In particular, S*(CS24) = (¢ + 5¢® 4+ 7¢ — 1), and for a star with n
vertices, S,, = K,, VK, S*(S,) = 2n? — 5n + 3.

2.2. Cartesian product. The cartesian product G = G; x Gy = (V, E) of two disjoint
graphs G1 = (W1, Eq) and G = (Va, E») is the graph with vertex set V' = V3 xV; where two
vertices (u1, uz) and (vq, v2) are adjacent if they agree in one coordinate and are adjacent
in the other, that is, if u; = v; and usvs € F5 or ujv; € Ep and us = vs.

For (u1,uz) € V wehave dg(u1, uz) = dg, (u1) + dg, (u2) and the distance between two
vertices is dg ((u1,u2), (v1,v2)) = dg, (u1,v1) + da, (ug, v2).

Theorem 2.2. The modified Schultz index of G = G1 x Gy is given by

2
SG) = 0 (nESU(Gy) + 2amiS(Gy) + 4gEW(Gy) ).
ij=1
iJ?fj
PT’OOf. ConsiderA1 = {{(’U,l,UQ), (1}1,1}2)} Q V1><‘/2 LU = ’01)}, A2 = {{(ul,u2), (’01,1}2)} Q
Vi x Va: ug =vs)}and Az = {{(u1,u2), (v1,v2)} € Vi X Va : ug # v1,up # va}. We have
successively,

szh (G) Z Z ( (dG1 (w) + dG2 (u2)) (dGl (w) + dG2 (02)) dG2 (UQ,'UQ))

weVy {ug,v2}CVa

W(G2) D da, (W) + S(G2) > de,(w)+ D §*(Ga)

weVy weVy weWVy
= Z1(G1) W(G2) +2q:15(G2) +n15™(G2)

and S (G) is obtained in a similar way.
Using Lemma 2.1 we have

S5 (@) =
Z dcl u1) + de, (u2)) (da, (v1) + da, (v2)) (dey (u1,v1) + da, (u2, v2))

ul dGl (vl) dGl (ula Ul) + Z dG2 (U‘Q) d02 (UQ) dGz (u2a UQ)

[
*M

{z,y}€As
+ Z dGz UQ)dGz (UQ) dG1 (Ul,’l}l) + Z dGl (ul)dGl (Ul) dGz (u27’02)
{w)y}EAB {a:7y}€A3
Z dGl (U1) dGz (UQ) dGl (U1,U1) + Z dGz (u2) dG1 (Ul) dG1 (ulvvl)
{:E,y}EAg {I,y}EA:g
+ Y da, (u)da, (v2) day (us,v2) + Y da, (u2) dg, (v1) da, (ug, va)
{=,y}€As {z,y}€As

= ng(ng —1)S*(Gy) +ny (ny — 1) S*(Ga) +2(2¢5 — %Zl(Gg))W(Gl))

42020 = 371(G)W (Ga) + 20201z — 1)S(Ga) + 241 (m1 — 1S(Ga),
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As {A1, As, A3} is a partition of the set of 2-sets of V' = V; x V5, we obtain

SUG) = §3,(G) + 54,(G) + 84, (G)
2
S (n257(Gy) + 20miS(Gy) + 462 W (G) ).

i,j=1
i#]

(]

Example 2.2. The modified Schultz index of a 4-nanotube P,, x C,, (m even) is S*(P, X
Cm) = m73(1 —2n)? + %2(8n3 — 12n2 + 7n — 3); for the 4-nanotorus C, x C,, (with k,
m even), we have S*(Cy x Cp,) = 2k?m?(k + m) and for P, x K, (the ladder graph),
S*(P, x K) = 6n® — 3n? — 2n.

2.3. Composition of graphs. Let G; and G» be graphs with disjoint vertex sets V; and
V, and edge sets Eq and E5. The composition graph of G; and G2, G = G1[G2), is the
graph with vertex set V1 x V5 and (u1, u2) is adjacent to (v1,v2) whenever v, is adjacent
to v1 or u1 = v; and ug is adjacent to ve. For each (ui,us) € Vi x Vs, da(u1,u2) =
nadg, (u1) + dg, (uz2), and

0 if (ul,ug) = (01,1}2)
B 1 if UL =1 and UgVo € Fy
dG((Ul,Ug), (Ul’v2)> - 2 lf Uy = U1 and UQV2 ¢ E2

dG1 (’LLl,’Ul) if Ul 75 V1

Theorem 2.3. Fori = 1,2, let G; = (V;, E;) be a connected graph of order n; and dimension g;.
Then the modified Schultz index of G = G1[G2] is given by

S*G) = n35*(G1) + 2n5q25(G1) + 43 W (Gy)
+ (n3 (n2 — 1) = n3ga) Z1(G1) — 2126171 (Ga)
—n1 (Z1(G2) + Z2(G2)) + 8q1gzna(ns — 1) + 4n1q3.

PTOOf. Let A1 = {{(Ul,UQ), (’Ul,vg)} Q Vl X Vé LUl = V1, U202 € E2 },

Ay = {{(u1,u2), (v1,v2)} S Vi x Vo 1 uy = v1,u2v2 & Ea },

Az = {{(u1,u2), (v1,v2)} T Vi X Vo : uy # v1,us = va} and

Ay = {{(u1,u2), (v1,v2)} CTVi X Vo 1 ug # v1,us # v2}. Letz = (w,uz),y = (w,vs) € Aj.
Then

51,(G)

Z dG(wvu2) dg(w,’l)g)dc«’w,’llg),(’LU,UQ))
{z,y}eA

= 3 Y (on(w)ns + doy () (de, (w)nz + de, (v2)

weVy ugv2€Ea

= n5 > > dg(w)tny > da(w) Y (da,(u2) + da,(v2))

uzv2€Ey weVy weVy ugv2 € Ea

+ > > day(uz)dg,(va)

weVy ugv2€Ea

= n3q2Z1(G1) + 2n2¢1 Z1(G2) + 11 Z2(G2).
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With z = (w, u2), y = (w, v2) € Ay and using Lemma 2.1 we have,

S1,(G) = 2) " Y (dg, (w)na + da, (u2)) (da, (w)ns + da, (v2))

wWEVL usvaé B

= 2%% Z Z dél (w) 4 2ng Z de, (w) Z (dG2 (u2) +dg2(v2))

UQUQQEQ weVy weVy ’U.2'L)2¢E2

+22 Z da, (u2)dg, (v2)

wEVL usva Ea

= 2%% ((Tl;) — C]Q) A (Gl) =+ 4%2(]171(G2) + 2n172(G2)

= 212 ((”22) - q2) Z1(G1) + 4naqi (2g2(n2 — 1) — Z1(G2))

1
+2n4 (245 — §ZI(G2) — Z3(Ga))
2 (12 2 ni
= 2 (n2 ( o > - n2q2> Z1(Gh) — 2(2g1n2 + 7)21(6'2)

—2n1Z5(G2) + 8q1gana(ng — 1) + 4n14s.

With z = (ug,w), y = (v, w) € As,

Sj:lg(G) = ’I’L%Z Z dGl(u1>dG1(v1)dG1(u17v1)

weVa {uy,v1}CV;

tny Y de,(w) Y ((dey (ur) + de, (v1)) de, (u,v1))

weVo {u1,v1}CVy
+ Z déz (w) Z dg, (u1,v1)
weVa {u1,v1}CV;

= n‘;’S*(Gl) + 2n2q25(G1) + Zl(GQ)W(G]_)
For x = (u1,us), y = (v1,v2) € Ay,

54.(G)

> (da, (wa)ng + da, (u2)) (da, (v1)n2 + da, (v2))da, (u1, 1)
{z,y}€Ay

= 2n3 Z Z da, (u1)da, (vi)da, (u1,v1)

{u2,v2}CVa {u1,01}CV1

Hne Y Y day(ue) Y day(v)da, (ur,v)

uz€Va U2€V2\{u2} {Ul,Ul}gvl
12 Z Z da, (v2) Z da, (u1)dg, (u1,v1)
v2E€V2 ug€Va\{va} {u1,v1}CV;

+2 Y day(un)dg,(va) Y da, (ug,v1).

{uz2,v2}CV> {u1,v1}CV;
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And by Lemma 2.1 we obtain

S4,(G) = 2n3 <22>5*(G1)+2n2(n21)Q2 o (day(w) +da, (v1)) da, (w1, v1)

{u1,v1}CV1
1
+2 (2q§ - Zl(Gz>) W(Gh)
= 13 (ny — 1) S*(G1) + 2na(ng — 1)g25(G1) + 4¢3 W (G1) — Z1(G2)W (G)).
Since {A1, A2, A3, A4} is a partition of the set of 2-sets of V' = V; x V, then S*(GQ) =
S4,(G) + 834, (G) + 84, (G) + 5%, (G) and the result follows. O

Example 2.3. Composing paths and cycles with various small graphs one obtains classes
of polymer-like graphs. For G = P, [Kp], we have S*(P,[K,]) = #(1 —3p)2 +n?p3(1 -
3p) — p*(6p* — Tp + 2) + %2 (42p® — 45p? 4 20p — 3). In particular, for P,[K>], the fence
graph, 5*(P,[K>]) = 2 03 402 + 1%2p — 48.

2.4. Subdivision of a graph. The subdivision graph G’ = (V’, E’) of a graph G is the
graph obtained from G = (V, E) by inserting a new vertex of degree 2 in each edge of G.
It follows immediately that |V'| = |V| + |E| and |E’| = 2|E|. We define, for each u € V,

D*(u) = cpd(u,e)and D°(G) = 3 oy dg(u)D* (u).

Theorem 2.4. Let G = (V, E) be a connected graph of dimension q and G' = (V',E’) the
subdivision graph of G. Then

S*(G") = 25*(G) + 8W(L(G)) +4D°(G) + 4 ¢°.

Proof. Foru,v € V',
2d g (u,v) ifu,veV
dar(u,v) =< 14 2d%(u, ey), ifueVioeV'\V
2+ 2D¢g(ey,ey), fu,veV'\V

with e, € E being the edge of G where a new vertex x is inserted.
In the following we use (1.1) to obtain

UG = Y de(uw)de(v)de(u,v)

{u,v}CV’

ZQZCZG dGuv+QZZdG dG/uv)
{u,v}CV ueV veV/\V
+4 Z de (u,v)

{u,0}CV\V
= 25%(G)+2) > da(w)(1+2dg(ue) +4 > (24 2D¢(e, f))
u€V ecE {e,f}CE

= 25°(G)+4¢ + 4D°(G) + 8 (g) +8W(L(G)) — 8 (g)
= 25%(Q) 4+ 8W(L(Q)) +4D°(G) + 4¢>.
O

Example 2.4. Let G’ be the subdivision graph of the complete graph K,,. From Theorem
2.4, it follows that S*(G') = 25*(K,,) + 8W(T,,) + 4D°(K,,) + 4(’2‘)2 =2(%) ((n —1)% +
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8(”;1) + 2(;)) = 3n(n — 1)?(2n — 3), with T,, being the line graph of K, that is, the
triangular graph.
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