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Reverse degree distance of some graph operations

V. KALADEVI, R. MURUGESAN and K. PATTABIRAMAN

ABSTRACT. In this paper, we present the exact formulae for the reverse degree distance of some graph oper-
ations, such as corona product, splice, link and composition of two connected graphs. Using the results obtained
here, the reverse degree distance of some important classes of graphs are obtained.

1. INTRODUCTION

Let G be a simple connected graph with vertex set V(G) and edge set E(G). For u €
V(G), let dg(u) be the degree of v in G and d¢(u, v) is the distance between the vertices u
and v in G. For a vertex v of G, the eccentricity e(v) is the distance between v and a vertex
farthest from v. The maximum eccentricity is its diameter, denoted by d(G). The degree
distance of G is defined as [14,17,19] DD(G) =+ Y. (de(u) + da(v))da(u,v).

u,veV (G)

It is a useful molecular descriptor [28]. Earlier as noted in [23, 27], this graph in-
variant appeared to be part of the molecular topological index (or Schultz index) [26],
which may be expressed as DD(G) + Y. dg(u)?, see [19, 22], where the latter part

ueV(Q)

> dg(u)? is known as the first Zagreb index [20]. Thus the degree distance is also
ueV(QG)
called the true Schultz index in chemical literature [12]. Tomescu [30] showed that the
star is the unique graph with minimum degree distance in the class of connected graphs
with n vertices. Further work on the minimum degree distance (especially for unicyclic
and bicyclic graphs) may be found in A.I. Tomescu [29], Tomescu [31] and Bucicovschi
and Cioaba [2]. Dankelmann et al. [11] gave asymptotically sharp upper bounds for the
degree distance.

The Wiener index of G is, denoted by W(G), defined as W(G) = £ Y da(u,v).

u,veV(Q)
Gutman [19] showed that if G is a tree with n vertices, then DD(G) = 4W(G) — n(n — 1).
Thus there is no need to study the degree distance for trees because this is equivalent to
the study of the Wiener index, see [13]. Balaban et al. [1] introduced the concept of reverse

Wiener index, which is defined to be A(G) = |V(G)|(|V(§)‘_1)d(a) — W(G). Let A'(G) =

w — W(G), which is a revised version of the reverse Wiener index of G. The
reverse Wiener index of unicyclic graphs are obtained by Du and Zhou [15].

The reverse degree distance of a connected graph G is defined in discrete mathematical
chemistry as "D'(G) = 2(|V(G)| — 1) [E(G)|d(G) — 1 ¥ (da(u) + da(v))da(u,v).

u, eV (G)

Since some of the chemical graphs are derived from the graph operation for instance
zig-zag nanotube is obtained from the generalized hierarchical product and 1,3- tetrameric
is obtained using link of two graphs and so on. For more information refer [3, 4, 5, 6]. This
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motivative us to consider such a graph operation related to Wiener, reverse Wiener index
is defined in [1] and its relation with other indices has been studied. Also the reverse
degree distance and its relation with degree distance and more indices has been studied
[33]. This motivate us to consider the reverse degree distance and obtained the relations
between this index and Wiener index, degree distance, Zagreb index and its coindex using
various graph operations such as corona product, splice, link and composition.

Some basic properties of the reverse degree distance have been established by Zhou
and Trinajstic [33], and in particular, it was shown that the reverse degree distance satis-
fies the basic requirement to be a branching index usable in chemistry. In continuation to
the study of the reverse degree distance, a natural starting point is the reverse degree dis-
tances of unicyclic graphs. In [16] the graphs with maximum reverse degrees distance in
the class of unicyclic graphs with given girth, number of pendant vertices and maximum
degree are determined. The degree distance and reverse degree distance of one tetragonal
carbon nanocones are determined by Momen and Alaeiyan in [25].

2. MAIN RESULTS
The first Zagreb index and second Zagreb index are defined as M1 (G) = >  dg(u)? and

uweV(G)
My(G) = > dg(u)dg(v). Similarly, the first Zagreb coindex and second Zagreb coindex
wweE(G)
are defined as M1(G) = Y. (dg(u)+dg(v))and M2(G) = >  dg(u)dg(v).
w¢ E(G) w¢ E(G)

2.1. Corona product. Corona product were introduced by Frucht and Harary in 1970 [18].
The corona product of two graphs G and H, denoted as G o H, is defined as the graph
obtained by taking one copy of G and |V (G)| copies of H, and joining by an edge the ith
vertex of G to every vertex in the ith copy of H. Let the vertices of G and H are labeled by
V1,02, ..., Upn, and uy, Usg, . . ., Un,, respectively. For 1 < i < ny, denote by H; the it" copy
of H joined to the vertex v; and let V/(H;) = {w;1, w2, - - . , in, }- The following lemmas are
follows from the structure of G o H.

Lemma 2.1. Let G and H be two connected graphs. Then the distance between two vertices of
lifi=pand uju, € E(H),
G o H are given as follows (i)dgom (Uij, Upg) = § 2if i = pand uju, ¢ E(H),
da(vi,vp) +2if i # p.
(i)dgor (v, vp) = da(vi,vp), if v, v, € V(G).
(198)dGon (Vi, Upg) = da(vi, vp) + 1, if u; € V(G) and upy € V(H;).

Lemma 2.2. Let G be graph on ny vertices. If H is a connected graph, then the degree of a vertex

. de(z)+ |V (H)| ifz € V(G),
GoH by deop (z) =
of G o H is given by doon (x) {dH(LE)+1lf1’€ V(H;) for some, i € {1,2,...,n1}.

Now we obtain the reverse degree distance of corona product of two connected graphs.

Theorem 2.1. Let G and H be two connected graphs with ny,ny vertices and my, mo edges,
respectively. Then the reverse degree distance of Go H is "D'(G o H) = 2(n1(n2 + 1) — 1)(m1 +

[2711 (n1 — 1)(2nama + n3) + 2n2 (n + ng + 2ma) + n1(n3 —ng — ma + 2n2m1)} .
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Proof. LetT = G o H. By the definition of reverse degree distance,

TDI(T) = 2(77,1 (ng + 1) - 1)(m1 + nl(ng + mg))(d(G) + 2)
5 X () + dr()dr(u,n). 2.1)
w, eV (T)

We partition the set of pairs of vertices of G o H into four subsets, namely, V;,V5,V3 and
Vi, where Vi = {{v;,vp} CV(GoH)|v;,vp, € V(G)}, Vo = {{uwij, uig} C V(GoH)|uij,uiq €
V(H;), ¢ € {1,2,...,n1}}, Va3 = {{vi,upq} C V(Go H)|v; € V(G),up, € V(Hp), p €
{1,2,...,nm}}and Vi = {{wij, upe} C V(G o H)|us; € V(H;),upq € V(Hp), i #p, i,p €
{1,2,...,n1}}. Therefore

5 3 () +dr())dr(uv) = 1+ S + S5+ Si.

u,veV (T)

We shall obtain the above sums are separately.

1
S1o= 5 Z (dp(vy) + dr(vp))dr (vi, vp)
vi,vp EV(G), i#p
-
D) Z (da(vi) + n2 + da(vp) + n2)da(vi, vp), by Lemmas 2.1 and 2.2
ip=1, i#p

= DD(G) + 2n.W(G).

1 &
S = 5D > (dr (uis) + dr (uiq))dr (uij, wiq)
i=1 u;;,uiq €V (H;), j#q

no

1
= 52 > (du(u;) + dp (ug) +2)(1)
i=1j,q=1, j#q,uiuq €E(H)

no

1 ni
+§Z | | Z (dp(uj) + dp(ug) +2)(2), by Lemmas 2.1 and 2.2
i=1j,q=1, j#quiuq g E(H)
= nlMl(H) + 2711M1(H) + nlng(ng — ].) —nimso.

ny ni no

Sy o= D> D> (dr(v) + dr(upg))dr (viupg)

p=11i=1 q=1

ny ni N2

= > > > (da(vi) + na + di(ug) + 1)(de(vi, vp) + 1), by Lemmas 2.1 and 2.2

p=11i=1 ¢q=1
= neDD(G) + 2na(ng + 1)W(G) + 4maW (G) + 2n1namy + 2nina(ng + 1) + 4nma.

1
S = 3 > (dr (uij) + dr(upq))dr (wij, upq)
uij €V (Hi) upg €V (Hp),i#p

= % Z Z (dT(uiJ)+dT<upq))dT(uz‘j,qu)

i,p=1,i#p j,q=1,j#q
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By Lemmas 2.1 and 2.2, we have

no

Sy = Z Z (du(vj) + dm(vg) + 2)(da(ui, up) +2)
i,p=1,i#p j,q=1,j#q
1 ni na

= 3 Z 2(da(wisup) +2) Z (dg(vj) +1)

i,p=1,i#p Jq=1

ni
= (2nogms + n%) Z (de(uisup) +2)
t,p=1,i#p

= (2namg + n2)(2W(G) + 2n1(n1 — 1)).
Using the sums S; to Sy in (2.1), we obtain:
"D(T) = 2(ni(nz+1)—1)(m1 +ni(ng +m2))(d(G) +2) — (ne + 1)DD(G)
—4(ng +mz)(ng + 1)W(G) — ny (M, (H) + 2M,(H)) — [2711 (n1 —1)(2namo
+n2) 4+ 2n2(n2 + ng + 2my) + n1(ni — ng — Mo + 2n2m1)} .
]

Let C),,P, and K, denote the cycle, path and complete graph on n vertices, respectlvely
It is known that W (P,) = "(" =Y pI(C,) = o " when n is even, and "(” ) otherwise

and W(K,,) = @ It can be easily verified that DD(P,,) = %,DD(O") = %3

when n is even, and "("2 D otherwise and DD(K,,) = n(n — 1)2.

By direct calculations we obtain the first and second Zagreb indices of P,, and C,,.
Mi(Cy,) = 4n, n > 3, M1(Py) = 0, M1(P,) = 4n — 6, n > 1 and M;(K,) = n(n — 1)
Ms(P,) = 4(n — 2) and M5(C,,) = 4n. Similarly, M1(P,) = 2(n? — 4n + 4), M1(C,,) =
2n(n — 3) and My (K,) = 0.

For a given graph G, its t—fold bristled graph Brs;(G) is obtained by attaching ¢ vertices
of degree 1 to each vertex of G. This graph can be represented as the corona product of G
and complement of a complete graph on ¢ vertices.

Example 2.1. Let G be a graph with n vertices. Then "D'(G o K;) = 2(nt +n — 1)(m +
nt)(d(G) +2) — (t + 1)DD(G) — 4t(t + YW (G) — 2nmt — nt(3nt + n — 2).
Example 2.2. (i) "D'(P, 0 K¢) = 2(nt +n—1)*(n+ 1) — Z2(n — 1)(t + 1)(2nt + 2n + 2t —
1) + nt(3nt + 3n — 4).
n(n+4)(t+ 1) (nt +n — 1) — 220D
—2n%t — nt(3nt + n — 2) if nis even
nn+3)t+1)(nt+n—-1)— M
—2n%t — nt(3nt +n — 2) if nis odd.

(791) A special corona graph C,, o K is called a sunlet graph on 2n vertices.
"D'(Cp 0 K1) = 2n(n? + 4n — 3) if n is even and 2n(3n? + 2n — 1) if n is odd.

()" D' (Cpy 0 K1) =

The star graph S; 1 on t+1 vertices is the corona product of K; and K. The fan graph
Fy+1 and the wheel graph W, on ¢t + 1 vertices are also corona product of K; and P, and
C. From the above formula the reverse degree distance of these graphs are obtained.

Example 2.3. (i)"D'(K; 0 K;) = t(7t — 1). (i4)"D' (K, o P;) = 3t — 22t + 25.
(i) D (K, o C,) = 3t — 201.
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Example 2.4. Using Theorem 2.1, we have (i) "D'(P,, o K3) = 12n® + 27n? — 15n + 2.
(i1)" D' (P, 0 K2) = 2n%t — 6n%t + 2n*t3 + bnt + 2nt> + 3nt? + 2n3 — 602 — 3n — 612 — 12t — 4.
(i60)" D' (P, 0 Cpy) = Ant? 4 160%0 42 4 g2 T gy2q2 4 1T0b 724 42 4 9,
2.2. Splice and link. Let G and H be two simple connected graphs with the vertex sets
V(G) and V(H) and the edge sets E(G) and E(H), respectively. For given vertices y €
V(G) and z € V(H), a splice of G and H by vertices y and z is denoted by S(G.H)(y, z)
and defined by identifying the vertices y and z in the union of G and H. In the following
Lemma, the distance between vertices of S(G. H)(y, z) is computed. The proof can be
easily obtained from the definition of splice of graphs, so is omitted.

Lemma 2.3. Let G and H be two graphs. Then

de(u,v) if u,v € V(G),
ds(c. H)(y,2) (W, v) = dg(u,v) if u,v € V(H),

de(u,y) +du(z,v)if ue V(G) v € V(H).
Theorem 2.2. Let G and H be two graphs with ny, ny vertices and mq, my edges. Then
"D'(S(G. H)(y, 2)) = 2(n1 + ng — 1)(m1 + m2)(d(y) + d(2)) — DD(G) — DD(H)
—m2—=1) > dewde(u,y)—(m—1) > du(v)du(v,z) —2m1D(z)

y#ueV(G) z#veV (H)
—2moD(y), where D(y) = Y. dg(z,y)and D(z) = > dg(z,2).
z€V(G) z€V(H)

Proof. Let S = S(G. H)(y, z). By the definition of reverse degree distance,

"D'(S) = 2(ni+mn2—1)(mi+me)(d(y) +d(z)) — % Z (ds(u) + ds(v))ds(u,v).(2.2)

u,veV(S)

We partition the set of pairs of vertices of S into five subsets, namely, V;,V2,V3,V4, and
Vs, where Vi = {{u,v} CV(S)|u,v #y € V(G)}, Vo = {{u,v} CV(S)|u =y,v e V(G)},

= {{u,v} CV(S)|u,v # z € V(H)}, Va = {{u,v} C V(S)|u = z,v € V(H)} and
Vs = {{u,v} CV(S)ly#ueV(G),z#veV(H)}

Therefore by Lemma 2.3, we have

Z (ds(u) =+ ds( ds u v 2 Z ds + ds ds(u, ’U)
u,weV(S)

> <dc<u>+dc<v>>dc<u,v>+§ S (o) +du() + da(0))de(v,y)

u,v#y, u,veEV(Q) u=y, veV(G)

(de (u) + du (v))da (u,v) + Y. (dey) +du(z) + du(v)d (v, 2)
w,v#z, u,weEV (H) u=z, veEV(H)

+ 35 > (de(u) + du (v)(de(uw, y) + du (v, 2))
y#ueV (Q), z#veV (H)
= DD(G)+DD(H)+ (n2—1) Y  da(u)da(u,y)
yF#ueV(G)
+i—1) Y du()du(v,2) + 2miD(2) + 2ma D(y). 2.3)
z#veEV (H)
Using (2.3) in (2.2), we obtain:
"D'(S) = 2(m +ny—1)(m1+m)(d(y) + d(2)) - DD(G) - DD(H)
~(n2=1) Y de(wd(uy) = (m—1) Y du(v)du(v,>2)
y#ueV(G) z#veEV (H)

—2m1 D(2) — 2maD(y).

N[ = N =

N =
N | =

[N
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O

Let G and H be two simple connected graphs with the vertex sets V(G) and V(H) and
the edge sets E(G) and E(H), respectively. For vertices y € V(G) and z € V(H), a link of
G and H by vertices y and z is denoted by L(G e H)(y, z) and obtained by joining y and
z by an edge in the union of these grap. In the following Lemma, the distance between
vertices of L(Ge H)(y, z) is computed. The proof can be easily obtained from the definition
of link of graphs, so is omitted.

Lemma 2.4. Let G and H be two graphs. Then
de(u,v) if u,v € V(G),
dL(GOH)(y,z)(u7v) = dH(u,U) Zf u,v € V(H),
da(u,y) +du(z,v) +1ifue V(G)v e V(H).

Theorem 2.3. Let G and H be two graphs with nq, ny vertices and mq, mgo edges. Then " D' (L(Ge

H)(y, 2)) =2(natnz) (mrtmat1)(d(y Hd(2H- )= DD(G)=DD(H }-ny ) ;/(G)dG(U)dG(uv Y-

mo Y dp(©)da(v,2) - [(2m+2)D() + (2ma+2)D(y)] — [ (n2 = 1) 2m1 +1)+ (1 —
z#veV (H)

1)(2mg 4+ 1) + 2mq + 2mo + 2} ,where D(y) = Y. dg(x,y)and D(z) = >, dg(z,2).
z€V(G) 2V (H)

Proof. Let L = L(G o H)(y, z). By the definition of reverse degree distance,

TDUL) = 2Anitma)(mame + D) HAE) F )~ (@) +dp@)dy(wv). 24
w,veV (L)

By Lemma 2.4, we have

> > (ds(w) +ds(0))ds (u,v)

= L Y e tdeDdg@) g Y (de(y) + 1+da()da(v,y)
u,v#£y, u,veEV(G) u=y, veV(G)
500X @@ rdg@)dntey) g Y (4 dn() + ), 2)

w,v#z, u,veV (H) u=z, veV (H)

+ > (14 du(2) + da(w)(1 + da(u, y))
v=z,u#ycV (Q)

e > ((de (@) + di (v))(da (w, y) + di (v,2) + 1)) + da(y) + dir (2) + 2
y#u€eV (G), z#veV (H)

= na Y deda(uy)+m D da(©)du(v,z)+ (2m1 +2)D(2)
y#uEV(G) 2#VEV (H)
+DD(G) + (2m2 +2)D(y) + DD(H) + (n2 — 1)(2m1 + 1) + 2my
+(n1 — 1)(2m2 + 1) + 2mo + 2. (25)

Using (2.5) in (2.4), we have
"D'(L) = 2(ny + n2)(m1 +mo +1)(d(y) + d(z) + 1) — DD(G) — DD(H)

—ng Z de(u)de(u,y) —m Z di (v)dg(v,z) — |(2my + 2)D(z)
y#ueV (Q) z#veV (H)

+(2ma + Q)D(y)] - [(nz —1)(2my + 1)+ (ny — 1)(2ma + 1) + 2my + 2mo + 2|
O
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2.3. Composition. The composition of the graphs G and H, denoted by G[H], has vertex
set V(G) x V(H) in which (u1, v1)(u2, v2) is an edge whenever ujus is an edge in G or,
uy = ug and vy vy is an edge in H. The following lemma gives the distance and degree of
vertices of G[H].

Lemma 2.5. Let G and H be two connected graphs with V(G) = {u1,ua, ..., un, fand V(H) =

{vi,va,...,vn,}. If x;; denote the vertex (u;,v;) of G[H], then (i) the distance between two
da(ui,up) if j=gqori#p

vertices of G[H] is given by dgm)(wij, Tpg) = § 1if i = pand vjv, € E(H)
2ifi=pandvjvy ¢ E(H).

(12) the degree of a vertex x;; of G[H] is nodg(u;) + dp(vj).

Theorem 2.4. Let G and H be two connected graphs with ny and ny vertices, respectively.
Then "D'(G[H]) = 2(nina — 1)(min3 + many)d(G) — n3DD(G) — 2(2my + My (H) +

Ml(H))W(G) — nlMl(H) — 2’/7,1M1(H) — 4n2m1(n§ — Ng — mg).

Proof. Let V(G) = {u1, uz, ..., up, }, similarly for V(H) = {v1,v2,..., v, }. Let z;; denote
the vertex (u;, v;) of G[H]. By the definition of reverse degree distance,

"D'(GIH]) = 2(ning —1)(min3 + many)d(G)
_% Z Z (daim)(is) + dapm (@) )dam) (Tig, Tie)

i=1j,0=1
Jj#L

1 ni no
—3 3> eun(@ig) + dapm (i) dem (i, Try)
z,il;:klj =1
1 ni no
—3 S (dopm (i) + dejm (@) dam (wij, ). (2.6)
ik=1j£=1
itk AL

We partition the sums into three sums, S;,S; and S3 as follows.

ni na
S, = Z Z (daim(zij) + daia) (i) ) darm) (i, i)
i=1j,6=1
7j7££
ni no
= > > @nade(wi) + dg (v;) + da(ve))dey (i, i)
i=1j,6=1
J#L
ni
= 2n9 Z dg(ui)( Z dH(Uj,UZ) + Z dH(UjaUE))
i=1 vjve€E(H) vjve g E(H)
ni
+Z ( Z (dH(’Uj)+dH(’Ug)dH(’Uj,’Ug)+ Z (dH(Uj) +dH(v1g)dH(’Uj,’Ug)),
i1=1 wvv,eE(H) vjve¢ E(H)

since dg[H] (.%'ij, CUZ[) =1if VU € E(H) and 2 if VU ¢ E(H)
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= 4n2m1 Z dH(’Uj) + 2 Z (TLQ — dH(’Uj) — 1)

’L)jEV(H) ’UjEV(H)
ni
+)° > @rw)+da))+ > (dulv) +du(ve) |
=1 \v;v€E(H) vjve @ E(H)

= 4712777,1 (2777,2 + 2(71% — 2m2 — Tlg)) + QTllMl (H) + 4H1M1(H)

ni na

So = Y > (dlwy) + dlexg))dorm (v, wry)
ihwk=1j=1
i;ék

Z Z no(d(u;) + d(ug)) + 2d(vj))de (wi, ug)
ihwk=15=1
ik

ni na

Z Z na(d(u;) + d(ug))de (u;, ug) Zl Z 2d(vj)de (ui, uk)

iwk=15=1 ihwk=15=1
i#k i#k

= 202DD(G) + 8m,W(G).

Sz = E: E: (zij) + d(wre))dam (Tij, Tre)

i,wk=1j,0=1
itk e
ni n2
= DD (ned(wi) + d(vy) + nod(uy) + d(ve))da (ui, up),
i k=14, 6=1
itk AL

since dg g1 (wij, Tre) = da(ui, uy) for all j and k and further the distance
between the corresponding vertices of the layers is counted in S
= 2n3(ny — 1)DD(G) + 4W (G) (M (H) + My (H)).
Using 51 to S5 in (2.6), we have
"D'(GIH]) = 2(ninz — 1)(min3 + many)d(G) — nsDD(G) — 2(2my + My (H)
+M1(H))W(G) — niMy(H) — 2ny M1 (H) — 4nymy (nj — ny — my).
a
As an application we present formulae for reverse degree distance of open and closed
fences, P, [K>] and C,[K3].

Example 2.5.

(i)"D' (P, [K2]) = 2(6n? —9n — 1) — 4n(n — 1)(n + 7).
(12)" D'(Cp[Ks]) = {

n(5n? — 5n — 4) if n is even
5n%(n? — 3) if nis odd.
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