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Product version of reciprocal Gutman indices of composite
graphs

K. PATTABIRAMAN

ABSTRACT. In this paper, we present the upper bounds for the product version of reciprocal Gutman indices
of the tensor product, join and strong product of two connected graphs in terms of other graph invariants
including the Harary index and Zagreb indices.

1. INTRODUCTION

All the graphs considered in this paper are simple and connected. For vertices u,v €
V(G), the distance between u and v in G, denoted by dg(u, v), is the length of a shortest
(u,v)-path in G and let dg(v) be the degree of a vertex v € V(G). For two simple graphs
G and H their tensor product, denoted by G x H, has vertex set V(G) x V(H) in which
(91, h1) and (g2, ho) are adjacent whenever g; g; is an edge in G and hihs is an edge in H.
Note that if G and H are connected graphs, then G x H is connected only if at least one of
the graph is nonbipartite. The strong product of graphs G and H, denoted by G X H, is the
graph with vertex set V(G) x V(H) = {(u,v) : v € V(G),v € V(H)} and (u, z)(v,y) is an
edge whenever (i) u = vand zy € E(H), or (i1) wv € E(G) and = = y, or (iii) uv € E(G)
and xzy € E(H). The join G + H of graphs G and H is obtained from the disjoint union of
the graphs G and H, where each vertex of G is adjacent to each vertex of H.

A topological index of a graph is a real number related to the graph; it does not de-
pend on labeling or pictorial representation of a graph. In theoretical chemistry, molecular
structure descriptors (also called topological indices) are used for modeling physicochem-
ical, pharmacologic, toxicologic, biological and other properties of chemical compounds.
There exist several types of such indices, especially those based on vertex and edge dis-
tances. One of the most intensively studied topological indices is the Wiener index; for
other related topological indices see [22]. For more details, see [2, 3, 4, 5, 18].

Let G be a connected graph. Then Wiener index of G is defined as

W(@G) =31 > de(u,v) with the summation going over all pairs of distinct vertices
u,v € V(G)
of G. Similarly, the Harary index of G is defined as H(G) = 3 Y. gzpy- Gutman
u,v € V(G) ’
et al. [11, 12] were introduced the product version of Wiener index which is defined as
W*(G) = T da(u,v).
{u,w}CV(G)

Dobrynin and Kochetova [7] and Gutman [10] independently proposed a vertex-degree-
weighted version of Wiener index called degree distance or Schultz molecular topologi-

cal index, which is defined for a connected graph G as DD(G) = 5 > (dg(u) +

u,veV(G)
da(v))de(u,v), where dg(u) is the degree of the vertex u in G. Note that the degree dis-
tance is a degree-weight version of the Wiener index. Hua and Zhang [13] introduced
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a new graph invariant named reciprocal degree distance, which can be seen as a degree-

weight version of Harary index, thatis, Ha(G) = 1 ) %. Hua and Zhang

u,vEV(G)
[13] have obtained lower and upper bounds for the reciprocal degree distance of graph
in terms of other graph invariants including the degree distance, Harary index, the first
Zagreb index, the first Zagreb coindex, pendent vertices, independence number, chro-
matic number and vertex and edge-connectivity. Similarly, theGutman index is defined as

DD,(G)=3 Y dg(uwda(v)ds(u,v). InSuetal. [19] introduce the reciprocal Gutman

u,veV(G)
index of graph, which can be seen as a product -degree-weight version of Harray index

Hy(G) =1 ZV(G) %. In this sequence, the product version of reciprocal degree
u,ve

distance and reciprocal Gutman index are defined as H% (G) = w and
fvicvigy
H;:(G) = II %, respectively.
{u,v}CV(G)
The first Zagreb index and second Zagerb index are defined as M1 (G) = Y. dg(u)? =
ueV(QG)

> (dg(u)+dg(v))and My (G) = > dg(u)dg(v). Similarly, the first Zagreb coindex
uwweE(G) uweE(G)
and second Zagerb coindex are defined as M1(G) = 3. (dg(u) + dg(v)) and My(G) =

w¢ E(G)

> dg(u)dg(v). The Zagreb indices are found to have appilications in QSPR and
wg E(G)
QSAR studies as well, see [8]. Various topological indices on different operations of
graphs have been studied various authors, see [1, 20, 21, 6, 15, 16, 17, 14]. In this pa-
per, we present the upper bounds for the product version of reciprocal Gutman index
of the tensor produt, join and strong product of two connected graphs in terms of other

graph invariants including the Harary index and Zagreb indices.

2. TENSOR PRODUCT

In this section, we compute the product version of the reciprocal Gutman index of
G x K,.

The proof of the following lemma follows easily from the properties and structure of
G x K,. The lemma is used in the proof of the main theorem of this section.

Lemma 2.1. Let G be a connected graph on n > 2 vertices. For any pair of vertices x;;, xip €
V(G xK,),r>3ike{l,2,...,n}j,pe{1,2,....r}. Then
(@) If uyuy, € E(G), then

L ifj #p,
dax i, (Tij, Thp) = § 2, if j = p and u;uy, is on a triangle of G,
3, if j = p and u,;uy, is not on a triangle of G.

(1) If wyur, ¢ E(G), then dax k., (xij, Trp) = da(us, ug).
(Z’LZ) dG><K,,. (:Bij, Cll'ip) = 2.

Proof. Let V(G) = {u1,u2,...,u,} and V(K,) = {v1, va,..., v, }. Let z;; denote the vertex
(u;,v;) of G x K,.. We only prove the case when u,uy, ¢ E(G), i # k and j = p. The proofs
for other cases are similar.

We may assume j = 1. Let P = w;us, us, . .. us,uy be the shortest path of length p + 1
between u; and uy, in G. From P we have a (z;1, zx1)-path P, = 21252 ... 25, 25,3781
if the length of Pis odd, and Py = xj125,2 ... s, 225,221 if the length of P is even.
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Obviously, the length of P; is p + 1, and thus dox k., (zi1, 2k1) < p+ 1 < dg(u;, ux). If

there were a (2;1, zx1)-path in G x K, that is shorter than p + 1 then it is easy to find a
(u;, ug)-path in G that is also shorter than p + 1 in contrast to dg (u;, ug) = p + 1.

Remark 2.1. (Arithmetic Geometric Inequality) Let a1, as, ..., a, be non negative n numbers.
Then ™ /a1az .. an < W

Theorem 2.1. Let G be a connected graph with n > 2 vertices and m edges. Then H} (Gx K,) <
nr nr
7“4;13)"8,, [HM(G)Ml(G)(HM(G) - L?Q(G) — t)} ,wherer > 3andt = Y 7“(“”6‘1@(“’“).
ujur€Ea
Proof. Set V(G) = {ui,us,...,u,} and V(K,) = {v1,v2,...,v,}. Let x;; denote the ver-
tex (u;,v;) of G x K,. The degree of the vertex z;; in G x K, is dg(u;)dk, (v;), that is
daxk, (xij) = (r — 1)dg(u;). By the definition of H},

1 dax i, (Tij)dax K, (Tkp)
H; K.) =< - -
(G x Kr) H dax i, (Tij, Thp)

x,ij,x;wEV(GxK,‘)
n—1 r—1

_ 11:[ ﬁ dGXK -rzj dGXK xzp H H dGXK 3?” dGXK (Jfk])
2
= p:
=

daxk, (xzj»xzp daxk, (:L’Z],.’bk])

i,k=035=0
z;ék
— r—1
dGXK ZL'” dGXK (xkp>
x H 11 PP 2.1)
i,k=07,p=0 x ij> P
itk j#p
We shall calculate the sums of (2.1) are separately.
First we compute nl_[l TH doxicp (@ij)do sy (ip)
p i=0j,p=0 dG’XK7 (11]7$1p)

J#p

n—1 r—1

H H dG><K ng deK (mlp) _ ﬁ H M byLemma21

i=0j4,p=0 dGXK (xz]axzp) i 2
J#P J#p
n—1 2 2
r—1 r—1)°d% (u;
%4202],7}):0( )QG( )~
< = iz , by Remark 2.1
nr
_ [7"(7“—1)3M1(G)}"’”
o dnr
_ [(7‘ - 1)3M1(G)}nr (2 2)
4n ' ’
r—1 n—1 d (21;)d (z1;)
Next we compute J[ [] ==g=-" (EGX;;T] b2 By Remark 2.1, we have
j=04,k=0 R
! itk
r—1 n-—1
1 dox i, (®ij)dax ik, (Thy)
2 Z Z 8 gcxkr(xivgej) -
r—1 n-—1 = = nr
H H dax i, (Tij)daxk, (Trj) < z;ék
=00 k=0 deK (I7J7xk‘j) o | nr
itk
1 r—1
-2 Z:OS nr
= [I= } . 2.3)
L nr
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First we obtain the sum S. For that we define Fy = {uv € E(G)|uvisona C3in G} and
E, = E(G)— E;.

n—1

deK xu)dGXK (xkj)
S:
( 1;0 ! zkz:O zkz:o >< dGXK (1.”7ka) )
i#k i#£k i;ék:

wiug¢E(G)  wiur€E1  u;up€E2

( ”i (r — 1)%de (u;)de (us) . "i: (r — 1)%de (wi)de (ur)
isk=0 de (ui, ug) i k=0 2
£k itk
uﬂuéE(G) ujuR €Fy

n—1 _ 2 .
L5 e dg(ul)dc(uk)>7byLemma2.1

3

n—1 n—1
_ (le{< S doludolu) 3~ dou)da(un
i k 0 G(uivuk) i k=0 G(uiauk)
+k ik
ulukiE(G) uur €EY

i k=0 de (ui, ur) i k=0 2 i k=0 3

i#k itk Pk
ujuy€Eo uiur €EEq witin € Fa
n—1 n—1
_ <H>z{2HM(G) § daludetu) {7 d<>d<>}

) 2 ) 6
i,k=0 i,k=0

i#k i#k
w;up€E(G) uiup € Fo

- (rfl)z(QHM(G)fMg(G)f 3 M). (2.4)

u;u € Fa

Now summing (24)overj = 0,1,...,r — 1, we get,

Zs = r(r—1)? (QHM(G)—Mg(G)— 3 M). 2.5)

j=0 usur €Ly

Hence

H H daxk, (Tij)daxk, (Trj)

dax i, (Tij, Thj)

O (21 (G) - My(G) - Y feldeta))

uug € o

IA

nr

-(7‘ _ 1)2(HM(G) . M22(G) . dc(ui)éic(uk))

— itk € B> . (2.6)
n

nr

n—1 r—

dex ki, (%ij)de x k. (Trp)
Next we compute . p 0 I]:[ I R e

itk j#p
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—1  r—1
1 "Z ' r=1)2dg (ui)dg (ur)
2 dg(ui,uk)
r—1 i,k=073,p=0, nr
H H dax i, (Tij)daxk, (Tkp)) < itk j#p
= )
i k=04j,p=0, dGXKr(xZJaxkp nr

itk j#p
by Lemma 2.1 and Remark 2.1
{r(r - 1)3HM(G)} nr
nr
- [(7" - 1)3HM(G)}””

n

2.7)

Using (2.1) and the sums in (2.2),(2.6) and (2.7), respectively, we obtain the required
result. O

Using Theorem 2.1, we have the following corollaries.
Corollary 2.1. Let G be a connected graph on n > 2 vertices with m edges. If each edge of G is
ona Cs, then Hy; (G x K,) < (r=1)°r" [HM(G)Ml(G)(HM(G) - %)} , where r > 3.

An3nr

For a triangle free graph >  dg(u;)dg(ur) = M2(G).

u;ug € Ea
Corollary 2.2. If G is a connected triangle free graph on n > 2 vertices and m edges, then
3, (G x Kyp) < U200 [Hu (G)M(G) (Hu (G) = 2259 where v > 3.

4n3nr

By direct calculations we obtain expressions for the values of the Harary indices of K,

n—1

and Cy. H(Ky) = n(n271 and H(Cy) = (Z %) — 1 when n is even, and n( XZ: %)
i=1 i=1

otherwise. Similarly, Hy/(K,,) = u ,Hao(K,) =n(n—1)%2and Hy (Cy) = Ha(Cy) =
4H(C).

Using Corollaries 2.1 and 2.2, we obtain the product version of reciprocal Gutman in-
dices of the graphs K, x K, and C,, x K,.

|3

Example 2.1. (i) H};(K, x K,) < %(M) '

24n 3n
(r—1) 384(24—n) ifn =3
(id) H(Co x Kp) < 4 f) ( " ) f ) e
o [64H(C) (H(Co) — )] ifn >3,

3. JOIN

In this section, we compute the product version of reciprocal Gutman index of join of

two graphs.
Theorem 3.2. Let G and G2 be graphs with n and m vertices p and q edges, respectively.
Then HXI(Gl —+ Gg) S W |:(M2(G1) + li(Gl) +m p)(MQ(GQ) + ’I’LMl(GQ)

2q)(M>(Gh) +mM 1 (Gy) +m? (M) (M (Ga) + 0 (G) P (HE520)) (dpg +
2mnq + 2mnp + m2n2)}
Proof. SetV(G1) = {u1,uz,...,uy}and V(Gz) = {v1, v, ..., vy }. By definition of the join
of two graphs, one can see that,



216 K. Pattabiraman

{dGl(x) +V(Gs)l, ifz € V(Gy)

da,+a,(r) = de, () + |V(Gy)|, if x € V(G2)

0, ifu=w
, ifuv € E(G1) oruv € E(G2) or (u € V(G1) and v € V(G2))
, otherwise.

—_

and dG1+G2 (u, ’U) =

[\

Therefore,

« dG G (u dG G (U
HiGrrcn =[] feelioael)
{u,w}CV(G1+G2) 12 A

I (e (w)+m)da(v) +m)x ] (dg, (w) +m)(dg, (v) +m)

wv€EE(G1) wgE(G1) 2
da,(u) +n)(dq, (v) +n
< TI o) +m)dey) +my <[] et Fnla.l) )
uwveE(Gzy) wg E(G2)
X 11 (da, (v) +m)(dg, (v) +n)
ueV(G1), veV(G2)
> (e, (w) +m)(dg, (v) +m) > aldimide i
< |:uv€E'(G1) i|"m |:uv¢E(G1) ]nm
- nm nm
> (day(w) +n)(da, (v) +n) s lealimiie Uty
|:uv€E(G2) nm |:uv¢E(G2) :|nm
nm nm
X et mde, )+
[uev( V. vEVIG2) } , by Remark 2.1
nr
1 nm nm
W{MQ(Gl) +mM1(G1)+m2p} |:M2(G2) +7’LM1(GQ) +7’l2q:|

[F12(G) T () (= L2200

nm

m(m—1) —2q

[MT2(Ga) + I (Go) 4 (R

)} X [4pq + 2mnq + 2mnp + mznﬂ
([l

One can observe that M, (C,) = 4n, n > 3, M1(P1) =0, My(P,) = 4n — 6, n > 1 and
M;(K,) = n(n—1)2 Similarly, M;(K,) = M3(K,,) = 0. Moreover M(P,) = 4(n—2) and
M (C),) = 4n. Using Theorem 3.2, we have the following corollaries.

Corollary 3.3. Let G be graph on n vertices and p edges. Then
H3(G+Kn) < s | (Ma(G)-+mM (G) +mp) (m=tdm s nm=2man)y (3 ()4

mM(G) + mz(W))@p +mn)(m? +nm — m)} "

Let K, ., be the bipartite graph with two partitions having n and m vertices. Note that
Knm =Ky + K.

Corollary 3.4. Hi(Kpm) = Hi(Kn + Kp) < (W) )
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4. STRONG PRODUCT

In this section, we obtain the product version of reciprocal Gutman index of G X K.

Theorem 4.3. Let G be a connected graph with n vertices and m edges. Then H};(G K K,) <

Col Il = 1) + dmr(r — 1) + 2Mi(G)] [22Har(G) + 2r(r — DHA(G) +2(r —

2nr
1)2H(G)] .

Proof. Set V(G) = {u1,ug,...,u,} and V(K,) = {v1,vs, ..., v, }. Let z;; denote the vertex
(u;,v;) of GRK,. The degree of the vertex z;; in GR K, is dg(u;) +dk, (vj)+da(w)dx, (v5),
that is dgrk, (zi;) = rde(u;) + (r — 1). One can see that for any pair of vertices z;;,
Tkp € V(G X KT), dG&KT (xij, xip) = 1land dchr (CL'ij, .’Ekp) = dg(ui, ’U,k).

H?\:I(G X K, ) = H dG‘XKT (:Cij)ngKT (zkp)
zij, Tep € V(GRK,) demre, (Tij, Trp)

n—1 r—1 n—1 r—1
_ 1 H dG&K (xzj)dGIZK xzp H H dG&K xz] dG&K (xkj)
2i:0$p:0 dG@KA¢M7zW i k=05-0 dG&K(xmazm)
j # z;ék

% H H dowk, (Tij)dark, (wkp)
i, k=035,p=0 dG‘ZK,«(xzjaxkp)
i£k j#p

(4.8)

We shall obtain sums of (4.8), separately.

dG&KT (mm)dG&KT(IW)
First we calculate ZHO HJ e 0~ demr o)
=0 j#p

n—1 r—1

H H dG@K Tij dGIXK (xzp)

dG@K (Ima xzp)

=0 j,p=0
J#p

n—1 r—1

= II I (rdetw)+(=1) (rdatw) + r - 1)

i=0j,p=0
j#ﬁ

45 S0 (rdatu) + (- 1) (rda () + (- 1) e
< 1:0 J#Pp ] ,

1[)y Remark 2.1
=1 (a1 + e - 1) + r2M1(G))]m~
oL 2nr
B :(r - 1)(n(r - 1)+ 4;r(r -1+ Ml(G)) r o
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1 d )
Next we obtain H [T =0 2 (w15 demre, (Thy) |
J=0 ik deRK, (Tij:Tkj)

11 dewk, (vij)derk, (Tr;)

dG&KT (xij7 xkj)

T [T (et =1+ (= Ddo(u)do(wm) + (= 1) + (r = Dig(w)
k=

§=0i, k=0 de(ui; ur,)
itk
2 =l n—1 dg(u;)da(u n—1 r(r—1)(dg(u;)+dc(ug
7T Siilofpien 4T sl sl ot
< ji=0 i + ]_0 175
- nr nr
(r=1)?
Eo Zz k 0 da(ui,ur) 17"
+ ti= s ] ,by Remark 2.1
nr

) [r(grmma) +20(r — 1)Ha(G) +2(r — 1>2H<G>)rr
- 2nr
(rQHM(G) +r(r=1)Ha(G) + (r - 1)2H(G)) }n

= [ .
Finally, we compute l_[z k=0 H] = 0, dcgifg;ﬁ] )(ii%ﬁ;()mp)
itk 3j T

(4.10)

— r—1

H H derk, (Tij)dexk, (Trp)

dG&K ((E”7 xkp)

i,k=07,p=0,
itk j#P

< [r(r —1) (QTQHM(G) F2r(r — 1 HA(G) + 2(r — 1)2H(G)) } o
- 2nr ’

by Remark 2.1
(r—1) (r2HM(G) +r(r — D) H(G) + (r — 1)2H(G)) ] r

= | ;

Using (4.9), (4.10) and (4.11) in (4.8), we obtain the required result. O

Using Theorem 4.3, we obtain the following corollary.
2nr

2nr
Corollary 4.5. H},;(C, R K,) < (=) (Lynr(9r2 — 61 + 1)37 (H(C,,
ry M n 2

As an application we present formula for product version of reciprocal Gutman index
of closed fence graph, C,, X Ks.

2n % 4n
(gi);) (n > 2 ) , if n is even
=1
3\ 21 51 4n
(B5)7(x4) s iFnisodd,

i=1

s\»—l

Example 4.2. By Corolarry 4.5, we have H 5, (C,KK3) <
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