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Certain Hermite-Hadamard type inequalities associated
with conformable fractional integral operators

ERHAN SET and BARIS CELIK

ABSTRACT. The aim of this article is to obtain some new Hermite-Hadamard type inequalities for convex
functions via conformable fractional integral. The results presented here would provide extensions of those
given in earlier works.

1. INTRODUCTION

Historically, the study of convex functions begins in the context of real-valued func-
tions of a real variable. Displayed in this setting where graphic representation guides
our intuition, we find variety of theorems having an elegance that is rooted in the very
simplicity of their proofs. The results have various applications and a wide variety of
generalizations.

Let I be an interval than can be open, half-open, closed, finite or infinite in R. Then A
function f : I — R called convex if for all z,y € I and all « € [0, 1],

flaz+ (1 —a)y) <af(z)+ (1 -a)f(y) (1.1)
holds. One could equivalently take « to be in the open interval (0, 1). Then for all = # y,
f is called strictly convex. Geometrically (1.1) means that if K, L and M are any three
points on the graph of f with L between K and M, then L is on or bellow chord KM.
The functions f(z) = 2% on (—o0, 00) and g(x) = sinz on [—m, 0] are simple examples of
convex functions. If the inequality in (1.1) is reserved, then f is said to be concave.

Proposition 1.1. [14] If f : [a,b] — R is a convex function, then f(a+) and f(b—) exist in R
and

) flat)  ife=a
f(2) = { f(x) ifee(ab)
fb-) ifa=b

is convex too.

As stated in Proposition above, every convex function f on an interval [a,b] can be
modified at the end points to become convex and continuous. An immediate consequence
of this fact is the (Riemann) integrability of f. The arithmetic mean of f can be estimated
as the following:

Theorem 1.1. (see, e.g, [4]) If f : I — R is a convex function, where I = [a,b] and R are a set
of real numbers, then the inequalities

f<a;b) < bia/abf(x)dzgf(a);rf(l’).
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are valid. This remarkable result is well known in the literature as the Hermite-Hadamard inequal-
ity.

Since then, some refinements of the Hermite-Hadamard inequality on convex functions
have been extensively investigated by a number of authors (e.g., [3, 6, 7, 8, 12, 15]).

The foundations of fractional integrals were laid by Liouville in a paper from 1832. Var-
ious types of fractional integrals as Riemann-Liouville fractional integral, Hadamard frac-
tional integral, k- fractional integral, (k, s)- fractional integral were introduced. Recently,
Khalil et al.[11] introduced a new definition of the fractional integral called conformable
fractional integral. Then, Abdeljavad gave an extension of conformable fractional integral
of any order o > 0 as the following;:

Definition 1.1. [1] Let & € (n,n+ 1], n = 0,1,2,... and set 8 = a — n. Then the left
conformable fractional integral of any order « > 0 is defined by

12D = o [ (¢ 2@ - )" fla)do

Analogously, the right conformable fractional integral of any order o > 0 is defined by

b
(10O = [@=0" 0= @y

Notice thatif « = n+1then § = o —n =n+1—n = 1 and hence (I2f)(t) =
(Ji,1f)(t). Some recent result and properties concerning the fractional integral operators
can be found [1, 2, 5,9, 10, 11, 13, 16, 17, 18, 19, 20].

The Beta function defined as follows:

I'(@)C(b)
T'(a+0b)

where I' (o) is Gamma function.The Incomplete Beta function is defined by

B.(a,b) :/ t27 11 — 1)’ L.
0

For z = 1, the incomplete beta function coincides with the complete beta function.

The main goal of this paper, motivated by the above mentions results and results in [21],
is to prove some new Hermite-Hadamard type inequalities for conformable fractional
integral of convex functions.

1
B(a,b) = :/ "t -0 tdt,  ab >0,
0

2. MAIN RESULTS

Lemma 2.1. Assume that a,b € R with a < band f : [a,b] — R is a differentiable function on
(a,b). If f" € (Lla, b)) then the following equality holds:

i 1
U, (a,b) = (blﬁa)a[/o Bt(n+1,a—n)f/(ta—i—(l—t)gazb)dt
1
/ By _i(a—n,n+1)f <3a+b—|—(1—t)a+b>dt
0 4 2
1
+/ Bi(n+1,a—n )f’(ta;_b—k(l—t)az?)b)dt
0

/1131 Wa—nn+1)f (taz?)b—k(l—t)b)dt]
0
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fora € (n,n+1],n=0,1,2,... where B(.,.) is incompleted beta function and

U, (a,b) 2.2)

- Tatwenaa (501 (52)
Bla—nn+1) ( (“'2”’) )} ?;aa)a
><|:< <3“+b>+o,4+ (“2b)+1§;hf(az3b>+L§’33hf(b))].

Proof. Letting u = ta + (1 — t)3%t changing variable and integrating by parts yield

o 1
o, = %/ Bt(n+1,an)f'<ta+(1t)gazb)dt
0

_ —(b=a)a {Bt(n—k L« —n)f (ta+ (1 —t)2) |}

16 (_bTTa) 0

_ (b__4a> /Olt"(l —pyon-ly <ta +(1-1) 3“: b) dt}

Bn+1,0—n)f(a) - /01 (1 — )1y (ta Tt 3“4* b) dt]

Bn+1,aa—n)f(a)

Sl &9

3a+b

() () () eyt

Bn+1,aa—n)f(a)

e~ R

3a+b

_ (b4j‘7’;')a % / 4 3&2— b - u) " (U _ a)a—n—lf(u)du:|

o L. 3a+b
= ZB(n+1,a—n)f(a)—W(Ia )(4)

Similarly, we get

o, = (b_lﬁa)a/olBlt(a—n,n+1)f’<t3a:b+(1—t)a;b>dt
= 5 e G
e [ra gy (B o af
_ (b_16a)a{B(a_n’n+1)f(a—2i_b>bfa
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3a+b

42 e 4 " a+b\"
a2 Jen <a—b) (“ 2 >
a—n—1 a—n—1
X (bfa> (u— 3a:b> f(u)du}
« a+b ade1p) Sath a+b
_ 4B(an,n+1)f< . >(b_a)a (1 f)( . >

i 1
O3 = M/ Bt(n—kl,a—n)f'(ta+b+(1—t)a—ng>dt
0

16
—(b— tath 4 (1 —¢)etsy |t
= 7( a)a Bt(n—i—l,a—n)f( 2 (_ )% )
16 a—b
7 0

4 ! a+b a-+3b
nl_ a—n—1 1—

i [y (a0t al
_ —(b-a)a a+b\ 4

- 6 |Pntbe-ni{57) o0

. 4 /a;rb - a+3b n 4 n 4 a—n—1
b—a Jun \"7 1 a—b) \a—b

a—n—1
x(a;b—u) aibf(u)du]

@ a+b o4 Ipl  axp a+3b
= 4B(n+1,a—n)f< 5 >_ (b—a)> (Ia f) (4)7

o, = (blg)a/olBl_t(an,n+1)f’<ta+3b+(lt)b)dt
= (b_wa)a{Blt(a—n,n—kl) (ta+3b2( t)b) dt 1
—b4a/01t”(1 £yen= 1f<a+3b 1—tb>dt]
- (blg)a{B(an,nJrl)f(b)b_a 2/b ( _a) (b—w)"

y 4 a—n—1 u_a+3b anl du
b—a 4

= ZB(a—n,n-ﬁ—l)—f(b)?;i;) ( e ) (b)-

Adding the above quantities, desired result is obtained. So, the proof is completed.

Remark 2.1. If we choose a@ = n + 1 in the equality (2.2), then Lemma 2.1 reduces to the
Lemma 2.1 in [21].

Theorem 2.2. Let f : I C R — R be differentiable on I° such that f’ € L([a,b]) with a,b € I,
a < band a > 0. If | f'|9 is convex function on [a,b] and q > 1, then we have the following
inequality:



Hermite-Hadamard type integral inequalities 325

[Wa(a,b)] (2.3)

(b—a)a
16

IN

{(B(n tla-n+1) "3 ((I)f + <I>§>

1 1 1
+(B(n+2,a —n))*"a <<I>5 + @;) ]

where
1 1 ! q
0 = (3Bt La-w - 3Bu+sa-n) 1@
q
+<;B(n+1,an+2)> f'(gajb) ’
o, = <;B(a—n+2,n+1)) f’(3a4+b>q
q
+<;B(an’n+1);B(an,n+3)> f/(a;—b> )
q
b3 = (;B(n—&-l,a—n)—;B(”+3,a—n)> f/(a;_b)
q
+<;B(n+1,a—n+2)> f’(ang) ’
¢, = (;B(a—n—FQ,n—l—l)) f/(CHZ;Bb)q

+ (;B(a —n,n+1)— %B(a —n,n+ 3)) THQIE

and o € (n,n+1],n=0,1,2,..., B(a,b) is Euler beta function.

Proof. Using Lemma 2.1, well known power mean inequality and the convexity of |f’|?
on [a, b], we get

[Wa(a;b)]

b—a)a
16

IN

1
/ Bi(n+ 1, —n)
0

7 (ta+ (1- t)?)a;r b)‘dt

i (tga:b—k(l—t)a;b)’dt

f (taQH’Jr(l—t)aZSb)‘dt

7 <ta Z% (- t)b) ‘ dt]

1
+/ Bi_t(a—n,n+1)
0

1
+/ Bi(n+1,a—n)
0

1

+ [ Bii(a—n,n+1)
0
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(b_la [(/ Bi(n+1, a—n)dt)lé

x o)’
(559 )a)
(=2))w)

X </O Bi_i(a—n,n+1) (t ,<ang> q+(1—t)|f’(b)|">dt>é].

In fact notice that using the properties of beta functions and integrating by parts formula
we can write;

/OlBth a—n) <tf( T

1—1
q

, (3a+0b\|?
4

, (3a+b
4

1

_|_

S—

Bi_i(a—n,n+ )dt)

1

+(1-1)

S—

Bi_i(a—n, n+1)(

1—1

1 q

+

S—

Bi(n+1, a—n)dt)

1

X q+(1—t)

S~

Bi(n+ 1, —n) (t

1
+

(
(
dl
(
(
(

. S

Bi_i(a—n,n+ )dt)

1
/Bt(n—kl,a—n)dt = Bn+1l,a—n+1), (2.4)
0
1
/Bl,t(a—n,n—i—l)dt = B(n+2,a—n). (2.5)
0
Substituting
1
o, — /Bt(n+1,a—n)t|f’(a)|‘1dt
0

dt

,(3a+b\|?
4

t2 1 1 t2
= <Bt(n +1lLa-— n)—‘ —/ t"(1— t)a_”_ldt> |f (a)|?
2o 0 2

H(Binrra-m 2T

_/Oltn(l_t)a—n—l_(lz_t)th> ,(3a: b) a
_ (;B(nJrl,an);B(njL?,’an)) )
(Coll

+/O Bin+1,aa—n)(1 —1t)

)

1




)

Q3

Q4
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! q
/ Bi_t(a—n,n+ 1)t f,(3a2-b) dt
0
b
()

t2 1 1 t2
(Blt(a —n,n+ 1)—‘ + / (1- t)"ta—"—ldt>
2 1o 0 2

_(l—t)21
?‘0
! njo—n— _(1_t)2 ’ Cl—|—b
[ ) (230
,(3a+b\|?
()

1 1
+(23(a—n,n+1)—2B(a_n’n+3)>
,[a+Db
()
, (a+3b
(=)

(B( S
v [t
200 Jo 2

M‘l
I (azsb)

2 0
f,<a+b

q

dt

+/OlB1t(Ol—n,n+ (1 -1

+<Bl—t(04 —n,n+1)

q

(;B(an+2,n+ 1))

q

1
/ Bi(n+1,a —n)t dt
0

q

dt

+/0 Bi(n+1,a—n)(1—1)

+<Bt(n+ l,a—n)

q

-/ - o )
2

(;B(n—i-l,a—n)—;B(n+3,a—n))
, (a+3b
r(45)

, (a+3b\ ]!

r(45)

dt
1

+ [ Bisda—nnsna- ol o)
0

q

9

1
+ (2B(n+1,a—n+2)>

1
/ By _i(a—mn,n+ 1)t
0

t2 1 1 t2
(Blt(a —n,n+ 1)5‘0 + /0 (1- t)"to‘_"‘12dt>

M‘l

+<Blt(a —nn+1)——

0

' nypa—n—1 _(1_t)2 / q
+ [ - th) 7 ®)

,(a+3b\ !
()

(;B(an+2,n+1))

,(a+b
r(%5)

)

4

q

,(a+b
r(%5)

q

4

3a+b
4

)

atsb
4

)

q

)

q

q

327



328 Erhan Set and Baris Celik

+ (;B(a—n,n—l— 1) — %B(a —n,n+3)> TEQIE

into the above inequality and simplifying result via the equality (2.4) and (2.5) in the
required inequality. So, the proof is completed.

Remark 2.2. If we choose a@ = n + 1 in the inequality (2.3), then Theorem 2.1 reduces to
the special case of Corollary 3.1 for a; =m = 1in [21].

Theorem 2.3. Let f : I C R — R be differentiable on I° such that f' € L([a,b]) with a,b € I,
a < band a > 0. If | f'|9 is convex function on [a,b], ¢ > 1 and % + % = 1, then we have the
following inequality:

[Wa(a,b)l

(b _16“)0‘ [ </01 1B/(n+ 1,0 — n)|pdt>;

1

y <f’(a)l"+ i (%*bﬂq)q R (If’ ()" + 1 (””f”’)\q)é

IN

2 2

1 »
+ (/ |Bi—+(ax —myn + 1)|pdt)
0

) (rf’ ()" 4] (“‘5”)!(’)‘1‘ . (!f’(“i‘?’b)!%rlf’(b)q);].

2 2
fora € (n,n+1],n=0,1,2,... where By(.,.) is incompleted beta function.

Proof. Using Lemma 2.1, well known Holder inequality and the convexity of | /|7 on [a, b],
we get

[P, (a,bd)|

< (b—ma)a /OlBt(n—s-l,a—n) I (ta+(1_t)3a2—b)‘dt
+/01]31_t(an,n+1) f/(t?)a;—bJr(lt)a;-b)‘dt
+/01Bt(n+1705n) ! <ta;b+(1t)a+43b>‘dt
+/OlBlt(a—n7n+1) o (ta—z3b+(1_t)b>‘dt

o [ (f s ([ (oo o)

N
dt)

a \d
dt)

" </01 |B1—t(a—n,n+1)pdt>; (/01
+ (/o1 |Bt(n+1,a—n)lpdt)’l’ (/01 f! <ta;b+(1_t)a+3b>

, ., 3a+b a+b
f(t 1 +(1-1¢) 9 >

4
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+</OlBlt(a—n7n+1)|pdt>; (/01 f (t‘“:lgbﬂl—t)b) th)ﬂ.

Substituting
’ ' 3a+b\|? 7
</ |Btn—|-loz—n|f’dt> </ f/<ta—|— (1—1) > dt)
0
1 1 . %
< ([imorera-ra) ([ o su-ofr (2 a)
/ q !/ 3a b 1
= (/ |Btn+1a—n|l)dt> <|f |+’f +)’> |
@ a g i
(f1oesemmeors) ([ (2 c0-032) o
< ( |Bl ta—n n+1)|pdt>p
1 Satb) " D7\
X(/ot /<a:) +(1-1) f’(a;r> dt)
’ 2 )
0
| (f atb a+30\|7 \7
([ v ([ | (250052 )
’ 0
1 .
= ( |Bt(n+1,a—n)|pdt>
0

+(1-1)

(Lo (52 )
— </01|Bt(n+1,a_n)|pdt>;<|f/(a;b)|qg’f/(az%)|q>;

and

3=

AN
dt>

441—wu%wﬁﬁ)

1 » Y., [ a+3b
</0 |B1—¢(a —n,n+1)] dt> (/0 f <t T +(1 —t)b)
1 s a+3b\|?
—-n,n P N il
< <0 IBi_i(a —n,n +1)] dt> (Atf< . >
! » r(at3b) |9 / a\
([ 1B1sta =+ prar) (U( 4>L+u<w|>

into the above inequality and simplifying lead to the required inequality. So, the proof is
completed.

1
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