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Lacunary statistical convergence of order (o, ) in
topological groups

HACER SENGUL and MIKAIL ET

ABSTRACT. In this paper, the concept of lacunary statistical convergence of order (c, 8) is generalized to
topological groups, and some inclusion relations between the set of all statistically convergent sequences of
order (a, 3) and the set of all lacunary statistically convergent sequences of order («, 3) are given.

1. INTRODUCTION

The idea of statistical convergence was given by Zygmund [20] in the first edition of
his monograph puplished in Warsaw in 1935. The consept of statistical convergence was
introduced by Steinhaus [19] and Fast [10] and later reintroduced by Schoenberg [17] in-
dependently. Later on it was further investigated from the sequence space point of view
and linked with summability theory by Cakall1 ([1], [2], [3], [4]), Et et al. ([7], [8], [9]),
Fridy [12], Fridy and Orhan [13], Salat [15], Caserta and Ko¢inac [5] and many others.

By a lacunary sequence we mean an increasing integer sequence § = (k,) such that
hy = (ky —kr—1) — o0 as r — oo. Throught this paper the intervals determined by 6
will be denoted by I, = (k,_1, k-] and the ratio ;= will be abbreviated by ¢,. Lacunary

sequences have been studied in ([6], [11], [14], [16] [18])

2. MAIN RESULTS

In this section, we give some inclusion relations between the set of all statistically con-
vergent sequences and the set of all lacunary statistically convergent sequences of order
(e, B) in topological groups.

Definition 2.1. Let X be an abelian topological Hausdorf group, § = (k,) be a lacunary
sequence, (z (k)) be a sequence of real numbers, « and ( be positive real numbers such
that 0 < o < 8 < 1. The sequence = = (z (k)) is said to be SZ (6, X) —statistically conver-
gent to / in X (or lacunary statistically convergent sequences of order («, ) to [ in X) if
there is a real number [ for each neighbourhood U of 0 such that

1 . 8 _
Tgraloh—q\{kefr.x(k)—l¢U}| -0

where I, = (k,_1,k,] and h% denotes the ath power (h,)® of h,, that is; h* = (ho‘) =
(h&,hg,...he,..)and |{k € I, : 2 (k) — | ¢ U}|” denotes the Sth power of |[{k € I, : z (k

*) o )
—1 ¢ U}| . In this case we write S? (§) —lim z (k) = I. The set of all S? (8, X) statlshcally
convergent sequences in X will be denoted by S? (9, X). If § = (27) , then we write S& (X)
instead of S? (0, X).If « = B = 1and # = (27), then we write S (X) instead of S? (0, X) .
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The lacunary statistical convergence of order (a, 5) in topological groups is well de-
fined for o« < f3, but it is not well defined for 8 < « in general. For this x = (z (k)) be
defined as follows:

3, if k=2m
Tk = { 27 if k#?m m = 1,2,....

Let U be % neighbourhood of 0. We write for 5 < a, { =1and e > 0

. 1 8 . hf
gmh—a|{k61r:x(k)—1¢U}\ = lim =0

and for/ =0

r—00 r—oo 2hY
Thus = (k) — 1 (S5 (6)) and z (k) — 0 (S2 (#)) for B < c. But this is impossible.

We note that every lacunary statistical convergent sequence of order («, 3) has only
one limit, that is; if a sequence is lacunary statistically convergent of order («, 3) to l; and
lo then Iy = ly. Suppose that (z (k)) has two different lacunary statistical limits of order
(v, B), U1, lo say. Since X is a Hausdorff space there exists a neighbourhood U of 0 such
that I; — Io ¢ U. Then we may choose a neighbourhood W of 0 such that W + W C U.
Write z (k) = 1 — I3 for all & € N. Therefore for all r € N,

{kel,:z(k)¢gUtc{kel,:lh—x(k)gWhul{kel x(k)—la ¢ W}.
Now it follows from this inclusion that, forallr €e Nand 0 < a < 5 < 1,

1 B
lim hfaHkEL:x(k)—OgéUHB: lim by = 0.

1 1 1
h—a|{kel,.:z(k)¢U}|ﬁ§h—a|{kz€L«:ll—sc(k:)%W}|B+h7\{k€IT:x(k)—lg§éW}|B.
Since S2 (0) — limz (k) = I and S? () — limx (k) = I we get

1 1
lim h—a|{keIT:z(k)¢U}|B < lim h—a|{keIT:l1—x(k)¢W}\ﬁ

T—00
: 1 . W B
+Thlll EH/{IELx(k)flg% }‘ .

B B
Hence lim, _, Z—g <0 (limr_>OO Z—’“ > 1) . This contradiction shows that I; = [5.

Definition 2.2. Let X be an abelian topological Hausdorf group, § = (k,) be a lacunary
sequence, (x (k)) be a sequence of real numbers, a and S be positive real numbers such
that 0 < o < 8 < 1. The sequence x = (z (k)) is said to be S#? (6, X) —Cauchy sequence if

there is a subsequence {x (k/ (r))} of z such that &’ (r) € I, for each r, lim, x (k:/ (r)) =1,
and for each neighbourhood U of 0

.1 / B

tm {k; el :a(k)—x (k; (r)) ¢ UH —0.

The proof of each of the following results is straightforward, so we choose to state these
results without proof.

Theorem 2.1. Let o and f3 be positive real numbers such that 0 < o < 8 < 1. The sequence
zis S2 (0, X) —convergent if and only if z is S2 (¢, X) —Cauchy sequence.

Theorem 2.2. Let a5, g, 51 and f3; be positive real numbers such that 0 < o < ay < 51 <
B2 < 1then S22 (X) C S5 (X) and the inclusion is strict.

Theorem 2.2 yields the following corollary.
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Corollary 2.1. If a sequence is S? (0, X) —statistically convergent of order (a, () to [, then
itis S (0, X) —statistically convergent to [.

Theorem 2.3. Let a and S be positive real numbers such that0 < o < g <land § = (k)
be a lacunary sequence. If liminf, ¢, > 1, then S? (X) C S? (6, X).

Proof. Suppose that liminf, ¢, > 1; then there exists a 6 > 0 such that ¢, > 1+ ¢ for
sufficiently large r, which implies that

he o 0 (M (8N L, 1

kr — 1496 k.) —\1+6 ke = (1+0)" he
If 2, — 1(S2(6)), then for each neighbourhood U of 0 and for sufficiently large r, we
have

1 1
k<t a®m —1gUY > kel :ak)—1¢U}
1 3
> ———a I : — ,
> g ke ki) g U)
this completes the proof. O

Theorem 2.4. Let o and $ be positive real numbers such that0 < o < 8 < 1and 6 = (k,)

be a lacunary sequence. If
a

lim inf Z—T >0 (2.1)

r—00 r
then S (X) C S? (6, X).
Proof. For each neighbourhood U of 0, we have
{k<k :z(k)—1¢U}D{kel :x(k)—1¢U}.
Therefore,
ClESk () ~1¢ )| 2 ke Lia(h) -1 )

_ M1 (k) — 8

N Hkel :x(k)—1¢U}".
Taking limit as » — oo and using (2.1) , we get

z (k) = 1(S (X)) =z (k) = 1 (55 (9)).
g

Theorem 2.5. If (x (k)) belongs to both S? (X) and SZ (0, X), then S? — limj_, o z (k) =
S8 (0) —limj_, o x (k) foreach0 < a < B < 1.

Proof. Takeany (z (k)) € S2 (X)NS? (0, X) and S&—limy_,o0 z (k) = 11,52 (0)—limp 00 z (k) =
lo, say. Suppose that 1 # l5. Since X is a Hausdorff space, there exists a symmetric neigh-
bourhood U of 0 such that l; — Iy ¢ U. Then we may choose a symmetric neighbourhood

W of 0 such that W + W C U. Then we obtain the following inequality:

k< b 2R EUW S ol <Rz ()b W

a =
km m

+kia\{k;g b 12— (k) ¢ W}

m
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where z (k) =l — [4 for all k£ € N. It follows from this inequality that

k

The second term on the right side of this inequality tends to 0 as m — oo. To see this write

B
{keUI Iy — ¢W}
B
= o (Zl{kef 2—~T()¢W}|>

m

1 m
- k%(gh’%) ST (Z’” )

wheret, = =~ [{k €I : Iy —x (k) ¢ W} for0 < a < 8 < 1.Since S (0) —limy o0 2 (k) =
lo, we can write S, () — limg—, o0 (k) = l2. We know that lim,_, o ¢, = 0. Therefore

1§ia|{kgkm:x(k)—ll¢W}|5+k%|{k§km:lrx(k)¢W}|ﬁ-

m

ok <k b e () £ WY =

m

lim —|{k<k ly—a (k)¢ W =o. 2.2)

m—r oo

On the other hand, since S? — limy, oo x (k) = Iy,

lim —|{l<:<km: (k)—1l ¢ WY’ =o. (2.3)

m—r oo

By (2.2) and (2.3) it follows that
1
o k< ka2 (k) ¢UY =0
This contradiction completes the proof. O

Let6 = (k,) and ¢’ = (s,.) be two lacunary sequences such that I, C J, forallr € Nand
let a1, g, 81 and B be positive real numbers such that 0 < a3 < e < 1 < Bz < 1. Now
we shall give a general result for different a’s, 3's and #'s which also include Theorem 2.2.

Theorem 2.6. Let § = (k) and ¢ = (s,) be two lacunary sequences such that I, C J,
for all » € N, let U be any neighbourhood of 0 and let o, a2, 51 and B2 be positive real
numbers such that 0 < o < ap < 1 < By <1,

(i) If
hot
lim inf —/— >0 (2.4)
r—o00 Y
then Sz (9’,X) C 88 (0, X),
() If
4y
lim =1 (2.5)

r—oo he?
then SP2 (0, X) C SP (9’,X) ,where I, = (ky_1, k], Jp = (8r-1,80], by = Ky — ky_1,
b = 8y — Sp_1.

Proof. (i) Suppose that I, C J, for all € N and let (2.4) be satisfied. For each neighbour-
hood W of 0 we have

(ke iak)—1¢W}D{kel a(k)—1¢U}
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and so
> ke La () — 12 U}
for all » € N. Now taking the limit as » — oo in the last inequality and using (2.4) we get
8 (0,X) € 83 (0, X).

(ii) Let z = (x (k)) € S5 (0, X) and (2.5) be satisfied. Let W be any neighbourhood
of 0. Then we may choose a neighbourhood W; W5, U of 0 such that W, + Wy +U C W.
Thus

ke, ap—1¢WH

s b€ gy ia k) =1 ¢ W >

{sro1 <k < kg ia (k) —1 ¢ Wi}™

e% zw
W{k <k<sra(k)—lg W)
+€TQ [{hro1 <k <k :a(k)—1¢ U™
< (krfl - Srfl)B1 + (87‘ - kr)BI
= 022 022
ém {k eI ()—Z¢U}|52
k,_ Sy Sy — kr .
S 1€0¢2 - + ECMQ gag |{k€] ( )_léU}|ﬁ
l — h, 5
= kel —1 2
i gm {kel :x(k)-1¢U}
b — h;}z B2
< : —
< e ha2 Hk €l :x(k)—1¢ U}
¢
< 1 kel —1 Pa
< (@) 4 lhea®-1g0)
for all r € N. This implies that $% (9, X) C S8 (9’, X) . 0

From Theorem 2.6 we have the following.

Corollary 2.2. Let § = (k,) and ¢’ = (s,) be two lacunary sequences such that I, C J,
for all r € N, let U be any neighbourhood of 0 and let ay, a2, 1 and (2 be such that
O0<ap < <B <P <1

If (2.4) holds then,

()561( )QS& (0,X), for p1 = f2,

(i1) Sq ( )gSal(H X), for By = f2 =1,
(iii) S22 ( ) C S5 (0,X), for oy = o,

(iv) Sﬂz( )gsgf (0, X), for ag = fy,

(v) Saz( )CS“Z’ (0,X), for ag = 1 = fa,
(v)s(e X)CSal(é) X),foraz =1 =f2 = 1.

If (2.5) holds then,
(Z) S/Bl (0 X) C SB] (elaX> ,fOI' ﬁl = 527

(“’) aq (Q,X) C S(XQ (elaX) ,fOI'Bl = ﬁQ = 17
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iii) S92 (0, X) C S5 (GI,X) , for a; = aw,

iv) S (0, X) € 582 (¢, X) . for az = By,

v) 552 (0, X) C 582 (9’7X)7f0r042:51:527

vi) S (97X)gS(@’,X),foragzﬂlzﬂgzl.
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