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Hardy Spaces and Integral Means of Certain Integral
Operators on Analytic Functions

JOCELYN JOHNSON 1 and S. SUNIL VARMA2

ABSTRACT. In this paper, we determine the Hardy spaces of certain integral operators on normalised analytic
functions defined in the open unit disk in the complex plane with the prior knowledge of the Hardy spaces of
the functions or their derivatives in the integral.

1. INTRODUCTION

Given an analytic function f : ∆ → C, where ∆ = {z ∈ C : |z| < 1} in the complex plane,
the integral means of f are defined as

Mp(r, f) =

{
{ 1
2π

∫ 2π

0
|f(reiθ)|pdθ}1/p, if 0 < p < ∞

max0≤θ<2π|f(reiθ)|, if p = ∞.

For 0 < p ≤ ∞, a function f(z) =
∑∞

n=0 anz
n analytic in ∆ is said to belong to the Hardy

space Hp if the integral mean Mp(r, f) is bounded as r → 1−. i.e.,

lim
r→1−

Mp(r, f) ≤ K,

where K is a constant depending on f. When p = ∞, the class H∞ consists of all bounded
analytic functions in ∆. In particular, when p = 2, H2 consists of all functions f(z) =∑∞

n=0 anz
n analytic in the open unit disk with

∑∞
n=0 |an|2 < ∞. If 0 < p < q ≤ ∞, then

Hp ⊃ Hq ⊃ H∞ [2].
Let A denote the class of analytic functions f defined on ∆ with the normalization [4]

f(0) = f ′(0)− 1 = 0,

having the Taylor’s series representation

f(z) = z +

∞∑
n=2

anz
n.

Several integral operators on the subclasses of analytic functions on the unit disk were
studied in the past [1, 3, 6, 8, 9, 10, 11, 14].

In this article, we construct the integral operators F ′
i s considering the Hornich operators

on functions in Class A, we determine the inclusion theorems involving Hardy spaces
of F ′

i s provided the Hardy space in which the functions f ’s or its derivatives used in
constructing Fi’s are known. We also analyse a bound for their integral means by estab-
lishing a relation between the integral means of these integral operators and that of the
integrands. In addition, we examine the limiting behavior of the Taylor’s coefficients of
these integral operators.
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2. PRELIMINARIES

In this section we recall a subclass of analytic normalised functions introduced and
studied by Mac Gregor in the year 1962.

Definition 2.1. [12] A function f ∈ A is said to be in class R if it satisfies the inequality

Re(f ′(z)) > 0, for all z ∈ ∆.

We require the following lemmas to substantiate our results.

Lemma 2.1 ([13], p. 40 ). If f ∈ Hp and g ∈ Hq then fg ∈ H
pq

p+q .

Lemma 2.2 ([2], p. 88). If f ′ ∈ Hp then f ∈ H
p

1−p , if p < 1.

Lemma 2.3 ([2], p. 88). If f ′ ∈ Hp then f ∈ H∞, if p ≥ 1.

Lemma 2.4 ([10], p. 04). If f ∈ A satisfies zγf(z) ∈ Hp, (0 < p < ∞) for some real γ, then
f ∈ Hp.

Lemma 2.5 ([5], p. 408). If f(z) ∈ Hp, (0 < p < 1) and f(z) =
∑∞

n=1 anz
n then an =

o(n
1
p−1).

Lemma 2.6 ([2], p. 34). If f ∈ R =⇒ f ′ ∈ Hp for all p < 1 =⇒ f ∈ H
p

1−p , for all
0 < p < 1.

3. MAIN RESULTS

In this section we state and prove the main findings of our research work.

Theorem 3.1. Let fi ∈ Hpi for i = 1, 2, · · · , n where 0 < pi < ∞ and

F1(z) =

∫ z

0

n∏
i=1

(
fi(ζ)

ζ

)mi

dζ, mi ∈ N. (3.1)

(i) If
∏n

i=1 pi <
∑n

i=1 mip̂i, where p̂i = p1p2 · · · pi−1pi+1 · · · pn, then

F1 ∈ Hµ, where µ =

∏n
i=1 pi∑n

i=1 mip̂i −
∏n

i=1 pi
.

(ii) If
∏n

i=1 pi ≥
∑n

i=1 mip̂i, where p̂i = p1p2 · · · pi−1pi+1 · · · pn, then F1 ∈ H∞.

Proof. Let fi ∈ Hpi for i = 1, 2, · · · , n.
Using Lemma 2.1, we obtain

(fi)
mi ∈ H

pi
mi ,mi ∈ N, i = 1, 2, · · · , n

and
n∏

i=1

(fi)
mi ∈ Hλ, λ =

∏n
i=1 pi∑n

i=1 mip̂i
, where p̂i = p1p2 · · · pi−1pi+1 · · · pn.

On differentiating (3.1), we have,

z(
∑n

i=1 mi)F
′

1(z) =

n∏
i=1

(fi(z))
mi .
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Using Lemma 2.4, we get,

F
′

1(z) ∈ Hλ, λ =

∏n
i=1 pi∑n

i=1 mip̂i
, p̂i = p1p2 · · · pi−1pi+1 · · · pn.

We have the following 2 cases:
(i) When

∏n
i=1 pi <

∑n
i=1 mip̂i, we have λ < 1.

Using Lemma 2.2,

F1 ∈ Hµ, where µ =

∏n
i=1 pi∑n

i=1 mip̂i −
∏n

i=1 pi
and p̂i = p1p2 · · · pi−1pi+1 · · · pn.

(ii) When
∏n

i=1 pi ≥
∑n

i=1 mip̂i, we have λ ≥ 1.
Using Lemma 2.3,

F1 ∈ H∞.

□

Theorem 3.2. Let fi ∈ R, i = 1, 2, · · · , k, gj ∈ Hqj for j = 1, 2, · · · , l, where 0 < qj < ∞
and

F2(z) =

∫ z

0

k∏
i=1

(f
′

i (ζ))
mi

l∏
j=1

(
gj(ζ)

ζ

)nj

dt, mi, nj ∈ N, (3.2)

then

F2 ∈ Hµ, where µ =
p(
∏l

j=1 qj)

(
∑k

i=1 mi)(
∏l

j=1 qj) + p(
∑l

j=1 nj q̂j −
∏l

j=1 qj)
,

for all p < 1, q̂j = q1q2 · · · qj−1qj+1 · · · ql.

Theorem 3.3. Let fi ∈ R for i = 1, 2, · · · k and

F3(z) =

∫ z

0

k∏
i=1

(f
′

i (ζ))
midζ, mi ∈ N, (3.3)

then
F3 ∈ Hµ where µ =

p

(
∑k

i=1 mi)− p
for all p < 1.

Proof. Let fi ∈ R for i = 1, 2, · · · , k.
f

′

i ∈ Hp, for i = 1, 2, · · · , k and for all p < 1., using Lemma 2.6.
Using Lemma 2.1, we obtain,

(f
′

i )
mi ∈ H

p
mi , for all p < 1 and mi ∈ N for i = 1, 2, · · · , k

and
k∏

i=1

(f
′

i )
mi ∈ H

p∑k
i=1

mi . (3.4)

On differentiating (3.3), we get,

F
′

3(z) =

k∏
i=1

(f
′

i (z))
mi ,mi ∈ N for i = 1, 2, · · · , k.

We have,

F
′

3 ∈ H
p∑k

i=1
mi , by (3.4).
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Since p < 1, it follows that p <
∑k

i=1 mi.
Therefore by using Lemma 2.2, we have,

F3 ∈ Hµ where µ =
p

(
∑k

i=1 mi)− p
for all p < 1.

□

Theorem 3.4. Let fi ∈ R for i = 1, 2, · · · k and

F4(z) =

∫ z

0

k∏
i=1

(
fi(ζ)

ζ

)mi

(f
′

i (ζ))
nidζ, mi, ni ∈ N, (3.5)

then

F4 ∈ Hµ where µ =
p(∑k

i=1 ni

)
+
(∑k

i=1 mi

)
− p

(∑k
i=1 mi − 1

) for all p < 1.

Proof. Let fi ∈ R for i = 1, 2, · · · , k.
By Lemma 2.6, we have,

f
′

i ∈ Hp, for i = 1, 2, · · · k and for all p < 1. (3.6)

Now by Lemma 2.1,

(f
′

i )
ni ∈ H

p
ni , for all p < 1 and ni ∈ N for i = 1, 2, · · · , k

and
k∏

i=1

(f
′

i )
ni ∈ H

p∑k
i=1

ni .

From (3.6) and Lemma 2.2, we get,

fi ∈ H
p

1−p , for all p < 1. (3.7)

Using (3.7) and Lemma 2.1, we have,
k∏

i=1

(fi)
mi ∈ H

p

(1−p)

(∑k
i=1

mi

)
.

=⇒
k∏

i=1

(fi)
mi(f

′

i )
ni ∈ H

p(∑k
i=1

ni

)
+(1−p)

(∑k
i=1

mi

)
.

On differentiating (3.5), we get,

z(
∑k

i=1 mi)F
′

4(z) =

k∏
i=1

(fi(z))
mi

(
f

′

i (z)
)ni ∈ H

p(∑k
i=1

ni

)
+(1−p)

(∑k
i=1

mi

)
.

Using Lemma 2.4, we have,

F
′

4 ∈ H

p(∑k
i=1

ni

)
+(1−p)

(∑k
i=1

mi

)
.

Since p < 1, it follows that p < (
∑k

i=1 ni) + (1− p)(
∑k

i=1 mi).
Therefore by Lemma 2.2,

F4 ∈ Hµ where µ =
p

(
∑k

i=1 ni) + (
∑k

i=1 mi)− p(
∑k

i=1 mi − 1)

for all p < 1 and mi, ni ∈ N, i = 1, 2, · · · , k. □
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Corollary 3.1. [7] Let f1 ∈ Hp1 and f2 ∈ Hp2 where 0 < p1, p2 < ∞ and

F5(z) =

∫ z

0

(
f1(ζ)

ζ

)m1
(
f2(ζ)

ζ

)m2

dζ,m1,m2 ∈ N.

(i) If p1p2 < p1m2 + p2m1, then

F5 ∈ H
p1p2

p1m2+p2m1−p1p2 .

(ii) If p1p2 ≥ p1m2 + p2m1, then F5 ∈ H∞.

Corollary 3.2. [7] Let f1 ∈ R and g1 ∈ HQ, where Q = r
r−1 , r > 1 and

F6(z) =

∫ z

0

(f
′

1(ζ))
m

(
g1(ζ)

ζ

)n

dζ,m, n ∈ N,

then

F6 ∈ H

pQ

mQ+ p(n−Q) for all p < 1.

Corollary 3.3. [7] Let f1, f2 ∈ R and

F7(z) =

∫ z

0

(f
′

1(ζ))
m1(f

′

2(ζ))
m2dζ,m1,m2 ∈ N,

then
F7 ∈ H

p
(m1+m2)−p for all p < 1.

Corollary 3.4. [7] Let f1 ∈ Hp1 where 0 < p1 < ∞. and

F8(z) =

∫ z

0

(
f1(ζ)

ζ

)m1

dζ,m1 ∈ N.

(i) If p1 < m1, then F8 ∈ H
p1

m1−p1 .
(ii) If p1 ≥ m1, then F8 ∈ H∞.

Corollary 3.5. [7] Let f1 ∈ R and F9(z) =
∫ z

0
(f

′

1(ζ))
m1dζ, m1 ∈ N, then F9 ∈ H

p
m1−p

for all p < 1.

In the upcoming results, we determine the Hardy spaces of these integral operators by
varying the integrands in class A and their exponentials over R+.

Theorem 3.5. Let f ∈ Hp and g ∈ Hq , 0 < p, q < ∞ and

F10(z) =

∫ z

0

(
f(ζ)

ζ

)α(
g(ζ)

ζ

)β

dζ, α, β > 0. (3.8)

(i) If pq < αq + βp then F10 ∈ Hµ where µ = pq
αq+βp−pq .

(ii) If pq ≥ αq + βp then F10 ∈ H∞.

(iii) Mλ(r, F
′

10) ≤ Mα
αλm

(
r, f

z

)
Mβ

βλn

(
r, g

z

)
where λ ∈ (0,∞] and 1

m + 1
n = 1,m, n > 1.

(iv) If F10(z) = z +
∑∞

n=2 anz
n and α

p + β
q > 2 then an = o

(
n

1
µ−1

)
.

Proof. Let f ∈ Hp, then it implies that,

lim
r→1

1

2π

∫ 2π

0

|f(reiθ)|pdθ

is bounded.
If h(z) = (f(z))α, for some α > 0,
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lim
r→1

Mx
x (r, h) = lim

r→1

1

2π

∫ 2π

0

|f(reiθ)|αxdθ

is bounded if αx < p which implies x < p
α .

Thus, h = fα ∈ H
p
α .

Similarly, if g ∈ Hq, then gβ ∈ H
q
β .

By using Lemma 2.1, we get,

(f)α(g)β ∈ H
pq

αq+βp , where α, β > 0 and 0 < p, q < ∞. (3.9)

Differentiating (3.8), we get,

zα+βF
′

10(z) = (f(z))α(g(z))β .

Also from equation (3.9), we have,

zα+βF
′

10(z) ∈ H
pq

αq+βp

and hence from Lemma 2.4, it follows that

F
′

10(z) ∈ H
pq

αq+βp .

(i) If pq < αq + βp, then by Lemma 2.2, we have,

F10 ∈ Hµ, µ =
pq

αq + βp− pq
, α, β > 0 and 0 < p, q < ∞.

(ii) If pq ≥ αq + βp, then by Lemma 2.3, we have,

F10 ∈ H∞.

(iii) Differentiating (3.8) we get,

F
′

10(z) =

(
f(z)

z

)α(
g(z)

z

)β

, α, β > 0.

Therefore,

Mλ
λ (r, F

′

10) =
1

2π

∫ 2π

0

|F
′

10(re
iθ)|λdθ

=
1

2π

∫ 2π

0

∣∣∣∣(f(z)

z

)α(
g(z)

z

)β∣∣∣∣λdθ
≤

(
1

2π

∫ 2π

0

∣∣∣∣f(z)z

∣∣∣∣αλmdθ

) 1
m
(

1

2π

∫ 2π

0

∣∣∣∣g(z)z

∣∣∣∣βλndθ) 1
n

where
1

m
+

1

n
= 1, m, n > 1.

=⇒ Mλ(r, F
′

10) ≤ Mα
αλm

(
r,
f

z

)
Mβ

βλn

(
r,
g

z

)
.

(iv) If α
p + β

q > 2, then

an = o
(
n

1
µ−1

)
, µ =

pq

αq + βp− pq
, α, β > 0 and 0 < p, q < ∞, by Lemma 2.5.

□

We now state the results for different integral operators, the proof of which are similar to
above and hence omitted.
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Theorem 3.6. Let f ∈ Hp, g be analytic in ∆, g′ ∈ Hq , 0 < p, q < ∞ and

F11(z) =

∫ z

0

(
f(ζ)

ζ

)α

(g′(ζ))βdζ, α, β > 0.

(i) If pq < αq + βp then F11 ∈ Hµ, µ = pq
αq+βp−pq .

(ii) If pq ≥ αq + βp then F11 ∈ H∞.

(iii) Mλ(r, F
′

11(z)) ≤ Mα
αλm

(
r, f(z)

z

)
Mβ

βλn(r, g
′(z)), λ ∈ (0,∞] and 1

m + 1
n = 1,

m, n > 1.

(iv) If F11(z) = z +
∑∞

n=2 anz
n and α

p + β
q > 2 then an = o

(
n( 1

µ )−1
)
.

Theorem 3.7. Let f, g be analytic in ∆ and f ∈ Hp, g′ ∈ Hq , 0 < p, q < ∞ and

F12(z) =

∫ z

0

(f ′(ζ))α(g′(ζ))βdζ, α, β > 0.

(i) If pq < αq + βp then F12 ∈ Hµ, µ = pq
αq+βp−pq .

(ii) If pq ≥ αq + βp then F12 ∈ H∞.

(iii) Mλ(r, F
′

12(z)) ≤ Mα
αλm(r, f ′(z))Mβ

βλn(r, g
′(z)), λ ∈ (0,∞] and 1

m + 1
n = 1,

m, n > 1.

(iv) If F12(z) = z +
∑∞

n=2 anz
n and α

p + β
q > 2 then an = o

(
n( 1

µ )−1
)
.

Theorem 3.8. Let f ∈ Hp, 0 < p < ∞ and

F13(z) =

∫ z

0

(
f(ζ)

ζ

)α

dζ, α > 0.

(i) If p < α then F13 ∈ Hµ, µ = p
α−p .

(ii) If p ≥ α then F13 ∈ H∞.

(iii) Mλ(r, F
′

13(z)) = Mα
αλm

(
r, f(z)

z

)
, λ ∈ (0,∞].

(iv) If F13(z) = z +
∑∞

n=2 anz
n and α

p > 2 then an = o
(
n( 1

µ )−1
)
.

Theorem 3.9. Let f be analytic in ∆ with f ′ ∈ Hp, 0 < p < ∞ and

F14(z) =

∫ z

0

(f ′(ζ))αdζ, α > 0.

(i) If p < α then F14 ∈ Hµ, µ = p
α−p .

(ii) If p ≥ α then F14 ∈ H∞.

(iii) Mλ(r, F
′

14(z)) = Mα
αλm(r, f ′(z)), λ ∈ (0,∞].

(iv) If F14(z) = z +
∑∞

n=2 anz
n and α

p > 2 then an = o(n( 1
µ ) − 1).
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Theorem 3.10. Let f be analytic in ∆ with f ′ ∈ Hp, 0 < p < ∞ and

F15(z) =

∫ z

0

(
f(ζ)

ζ

)α

(f ′(ζ))βdζ, α, β > 0. (3.10)

(i) If p < 1 and p < α+β
1+α then F15 ∈ Hµ1 , µ1 = p

α(1−p)+β−p .

(ii) If p < 1 and p ≥ α+β
1+α then F15 ∈ H∞.

(iii) If p ≥ 1 and p < β then F15 ∈ Hµ2 , µ2 = p
β−p .

(iv) If p ≥ 1 and p ≥ β then F15 ∈ H∞.

(v) Mλ(r, F
′

15(z)) ≤ Mα
αλm(r, f(z)

z )Mβ
βλn(r, f

′(z)), λ ∈ (0,∞] and 1
m + 1

n = 1,
m, n > 1.

(vi) If F15(z) = z +
∑∞

n=2 anz
n and p < min{1, α+β

2+α } then an = o(n( 1
µ1

)−1).

(vii) If F15(z) = z +
∑∞

n=2 anz
n with p ≤ 1 and p < β

2 then an = o(n( 1
µ2

)−1).

Proof. Let f ′ ∈ Hp, p < 1, then by Lemma 2.2, we obtain,

f ∈ H
p

1−p .

Using Lemma 2.1, we have, (
f(z)

z

)α

∈ H
p

α(1−p) ,

(f ′(z))β ∈ H
p
β .

and (
f(z)

z

)α

(f ′(z))β ∈ Hm,m =
p

α(1− p) + β
.

On differentiating (3.10), we get,

zαF
′

15 = (f(z))α(f ′(z))β , α, β > 0.

Using Lemma 2.4, we obtain,

F
′

15 ∈ Hm,m =
p

α(1− p) + β
, p < 1 and α, β > 0.

(i) When p < α(1− p) + β :
Using Lemma 2.2, we have,

F15 ∈ Hµ1 , µ1 =
p

α(1− p) + β − p
.

(ii) When p ≥ α(1− p) + β :
Using Lemma 2.3, we have,

F15 ∈ H∞.

If f ′ ∈ Hp, where p ≥ 1, by Lemma 2.3 f ∈ H∞.
Using Lemma 2.1, we have, (

f(z)

z

)α

∈ H∞,

(f ′(z))β ∈ H
p
β
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and (
f(z)

z

)α

(f ′(z))β ∈ Hn, n =
p

β
.

Therefore,

F
′

15 ∈ Hn where n =
p

β
with p ≥ 1 and β > 0.

(iii) When p < β,
Using Lemma 2.2, we get,

F15 ∈ Hµ2 , µ2 =
p

β − p
.

(iv) When p ≥ β,
Using Lemma 2.3, we get,

F15 ∈ H∞.

The remainder of the proof is similar in lines with the proof of Theorem 3.5. □

4. CONCLUSION

In this paper, we have determined the Hardy space in which the integral operators lie,
provided one knows the same of the functions or it’s derivatives in the integrand of the
integral operator. We have estimated an inequality of the integral means connecting the
integral operators and the functions in the integrand. A bound for the Taylor coefficients
of the integral operator, depending on the Hardy space in which the integral operator lie
is also determined in this paper.
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