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Initial Value Problem for Hybrid Improved Conformable
Fractional Differential Equations with Retardation and
Anticipation

ABDELKRIM SALIM!2, SALIM KRIM!, SATD ABBAS® and MOUFFAK BENCHOHRA*

ABSTRACT. This manuscript is devoted to proving some results concerning the existence of solutions for
a class of initial value problem for nonlinear implicit fractional Hybrid differential equations and improved
conformable fractional derivative. The result is based on a fixed point theorem due to Dhage. Further, an
example is provided for the justification of our main result.

1. INTRODUCTION

The fractional calculus has long been an attractive research topic in functional space
theory due to its applicability in the modelling and scientific understanding of natural
phenomena. Indeed, several applications in viscoelasticity and electrochemistry have
been investigated. Non-integer derivatives of fractional order have been successfully
used to generalize the fundamental laws of nature. For more details, we recommend
[1H3,/5H10/18,20-25], and its references.

In [17]], Khalil et al. provided a unique concept of fractional derivative, which is a nat-
ural extension of the traditional first derivative. The conformable fractional derivative is
natural, and it contains most of the features of the classical integral derivative, such as
product rule, quotient rule, linearity, chain rule, and power rule, and it is very useful for
modelling different physical problems. Indeed, several publications have been produced
since that time, and various equations have been solved using that notion [4,/11}/19].

F. Gao and C. Chi recently stated in [14] that there are still shortcomings for the con-
formable derivative and suggested an improved conformable fractional derivative to solve
this issue. This derivative has a closer physical behaviour than the conformable fractional
derivative of Riemann-Liouville and Caputo fractional derivatives. This improved con-
formable fractional derivative has a high potential for simulating different physical prob-
lems that normally use Riemann-Liouville or Caputo fractional derivatives.

In this paper, we study the existence of solutions for the initial value problem with
nonlinear implicit hybrid fractional differential equation involving the improved Caputo-
type conformable fractional derivative with retarded and advanced arguments:

(1) 7, (Mfszm) " (t,yt(»,% (Mf(zfgt)))) te (0,K),
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(1.2) y(t) =&(t), t € [-¢,0], ¢ >0,

(1.3) y(t) =£(t), t € [IC,K+0], 6 >0,

where 0 < ¥ < 1, {7y is the improved Caputo-type conformable fractional derivative
defined in [14], = := [0,K], ¥ : 2 x C([-¢,d],R) x R — R is a given function, A €
C(E x R,R\{0}), € € C([K,K + ¢],R) and ¢ € C([-¢,0],R) with £(0) = 0. By ', we
denote the element of C([—(, §]) defined by:

y'(e) =ylt+e), e€[=(0l.

As previously stated, there are several papers in which the authors explore various
forms of differential problems using various factional operators such as Caputo, Atan-
gana, Riemann-Liouville, Hadamard, Caputo-Fabrizio, Riesz derivative and Hilfer frac-
tional derivatives, and many others. So, in this paper, we attempt to carry on the path of
these investigations by introducing a new problem involving the improved conformable
fractional derivative defined in [14] and in the context of hybrid equations. As far as we
know, no such study exists in the literature.

This paper has the following structure: Section 2 presents certain notations and pre-
liminaries about the improved conformable fractional derivatives used throughout this
manuscript. In Section 3, we provide an existence result for problem (1.1)-(L.3), that is
by using a fixed point theorem of Dhage [13], with mixed Lipschitz and Carathéodory
conditions. Finally, in the last section, we give an example to illustrate the applicability of
our main result.

2. PRELIMINARIES

This section introduces the notations, definitions, and preliminary information that will
be used throughout the paper. C([—(,J],R) denote the Banach space of all continuous
functions from [—(, ] into R with the following norm

[ylli—coy = sup {ly(7)[}-
<r<é

Also, define the following space:

C= {OZ : [_C7IC + 5] — R:a |[—C,0]6 C([—C,O]),a |[OJC]€ Cl([07lc])

and « |k k45 € C(K, K + 5])}7

with the norm

ledle = sup{|a(7)] : =¢ <7 < K+ 6}
Consider the space X}'(0,K), (b € R, 1 < p < o0) of those real-valued Lebesgue measur-
able functions ¥ on [0, K] for which || ¥[|x» < oo, with:

K P
dr
0] xr = (/O ITb‘If(T)lp> , (1<p<oo,beR).

T

Definition 2.1. ([17]) The conformable fractional derivative of a given function ¢ : [0, +00) —
R of order ¥ is defined by

To()(t) = tim LEFE) — 00

e—0 9
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fort > 0 and 9 € (0,1]. If ¢ is ¥-differentiable in some (0, K), £ > 0, and t1~i>%1+ Trc () (¥)
exists, then define Ty (¢)(0) = tl_i)Igl+ To(¥)(t). If the conformable fractional derivative of
of order ¥ exists, then we simply say that ¢ is J-differentiable. It is easy to see that if ) is
differentiable, then Ty(v)(t) = t1 =74’ (t).

Definition 2.2. (The improved Caputo-type conformable fractional derivative [14]) The
improved Caputo-type conformable fractional derivative of order ¥} of a given function
1 : R — R is defined by

)

kT(4)(r) = lim [(1 = 9)((r) = (K)) +9

e—0

o (1 +e(r - K)?) - wm]

where —0co < K < 7 < 400, K is a given number and ¢ € [0, 1].

Definition 2.3. (The improved Riemann-Liouville-type conformable fractional derivative
[14]) The improved Riemann-Liouville-type conformable fractional derivative of order ¢
of a given function ¢ : R — R is defined by

K- To(v)(7) = lim

e—0

(I—NY(r)+ 9

)

3

) (1 +e(r—K)7) — wm]

where —oco < K < 7 < +00, K is a given number and 9 € [0, 1].

Lemma 2.1. ([14]) If 9 € [0, 1], f and f are two V-differentiable functions at a point t and m,n
are two given numbers, then the improved conformable fractional derivatives satisfy the following
properties:

STo(mf +nf) =mSTo(f) +nfTo(f)

FETo(mf +nf) =mE To(f) + 0 To(f) i

SETo (1) = A= To(f)f + FETo(f) = (L= 9)f ]

AT (F(F(0) = (L= 0)F(F () + 0.1 (FO)To(F(1))-

Definition 2.4. (The ¥-fractional integral [14]) For ¢ € (0, 1] and a continuous function f,

let
1 9/92)(s?=t?
19/ si— 19 o) Jds.

When ¢ = 1,Z;(f fo s)ds, the usual Riemann integral.

Lemma 2.2. ([14]) If ¥ € [0, 1], ¢ is O-differentiable function at a point t and 1)(0) = 0, then we
have:

o (To§To()) () = §T (To) (1) = b(0);
o (L Tow) () = E4To (Tow) (1) = w(2).
Lemma 2.3. ([13]) Let D be a closed, convex, bounded and nonempty subset of a Banach algebra

(E,|-|),andlet S : E — Eand S : D — E be two operators such that

1): S is Lipschitzian with Lipschitz constant 1,

2): S is completely continuous,

3): y=8SySz=yeDforallz€ D

4): nL < 1, where L = ||S(D)|| = sup{||S(2)|| : z € D}.

Then the operator equation SySy = y has a solution in D.



272 A. Salim, S. Krim, S. Abbas and M. Benchohra

3. EXISTENCE OF SOLUTIONS

We need the following technical lemmas for the proof of the existence of our problem.

Lemma 34. Let 0 < ¢ < 1, € € C(K,K + 0],R) and ¢ € C([—¢,0],R) with £(0) = 0,
o € C(E,R\{0}) and A : = — R be a continuous function. Then problem

cq (Y)Y _
(3‘4) 07:9 (o‘(t)) _A(t)v te (O»ICL
(3.5) y(t) =&(t), t € [=C,0], ¢ >0,
(3.6) y(t) =£(t), t € [K,K 4], 6 >0,

has the following solution

g(t)’ lf te [7C70}7

— o(t) tA(S) M ‘ ~
(3.7) y(t) = T/o 51_196 v ds, if teg,

Et), if telk K+

Proof. To obtain the integral equation (3.7), we apply the ¥-fractional integral to (3.4), and
by Lemma2.2]we get

¢ y(t) = a(t) /t A(s) e(k%%ds

9 ), stV

Now, we apply the improved Caputo-type conformable fractional derivative of order ¥ to
both sides of (3.8)), for ¢ € = we obtain

57 (U ) = a0

Also, it is clear that y(0) = 0. O

Lemma 3.5. A function y € C is a solution of to problem (1.1)-(1.3) if and only if it satisfies the
following integral equation

£(t), if te[=¢0]

o) = §AUOD [ pmre 2=y (0,675 (525 ) s of ve=

9

Et), if telk,K+4d].

In the sequel, the following hypotheses are used:

(H1): The function ¥ : = x C([-(,d],R) x R — R is continuous.
(Hs3): There exist functions p, g1, ¢2 € C(E, [0, 00)) such that

IA(t, B1) — A(t, B2)| < p(t)|B1 — B2
and
[W(t, B1, B1) — U(t, Ba, B2)| < (1)1 — Balli—c.5) + q2(t)|B1 — Bal,
fort e =, ﬂl,ﬁg S C([—QéLR), 51732 € R, with
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p* =supp(t), qi =supq(t) and ¢5 = supga(t) < 1.
tes teE te=
(H3): There exists a number R > 0 such that
R > max { I¢lli—c.op €l a1}
and
(9—1)K?
3\ (T* + ¢ R) (1 —e 02 )
R > " )
11— (1=9)(1—g3)

where \* = sup |A(t,0)|, ¥* = sup [¥(¢,0,0)| and
te=

texs
e
(U* + ¢ R) (1 et )

(1-9)(1 —g5)

{=0p

Now we declare and demonstrate our existence result for problem (1.1)-(1.3) based on
Lemma

Theorem 3.1. Assume that (H)—(Hs) hold. If
(3.9) max {p*R,{} < 1,
then problem (L.1)-(1.3) admit at least one solution defined on E.
Proof. We define a subset T of C by
T={ycC:lylle < R}.

We consider the operator S : C — C defined by

£(t), if ¢ e[=¢,0],

t 1-9)(s¥ —t?
(3.10) (Sy)(t) = W/ s o (s)ds, if t e E,
0

), if te [k, K+ 4],
and define two operators 7 : C — C by

1, if t e [-¢,0],
(3.11) (Twy)(t) = S A(t,y(t)), if te=

1, if te[K, K+ 4],
and Ty : T — C by

(3.12) (Tay)(t) =

Sl

t 9 _ 0
=90 —i?) _
/ s' e o2 o(s)ds, teE,
0

&), if te [k, K+ 4],
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where g is a function satisfying the following functional equation
Q(t) =V (ta xt(')v Q(t)) .

Then we get Sy = T1yT>y. We shall show that the operators 7 and 75 satisfies all the
conditions of Lemma[2.3] The proof will be given in several steps.

Step 1: The operator 77 is a Lipschitz on C.
Letz,y € Cand t € [-(,0] U [K, K + 6]. Then

[(T1z)(t) — (Tyy)(t)| = 0.
And for t € E, by (Hz2) we have
[(Tha)(t) — (Tiy) )] < MG 2(8) — At y(@)],
< p®)](t) —y()],
< Pl —ylle.
Thus
[Tz — Thylle < p*llz = ylle-

Step 2: The operator T3 is completely continuous on .
Let {y, } be sequence in T such that y,, = yin Y. If t € [-(,0] ort € [K, K + 6] then

|(Toyn)(t) — (T2y)(t)| = 0.

Ift € 2, we have

1
(Tan)(®) - Ta)(0)] < 5 [

0

t 9 _ 0
A=9)(s¥—tY)
s’ 1e 92

lon(s) — o(s)] ds,
where

Qn(t) =v (tv y;()’ Qn(t))/
o(t) = (t,y"(), ot)) -

Since y, — y and V¥ is continuous function then we get
on(s) = o(s) asn — oo.
Thus, by Lebesgue’s Dominated convergence Theorem, we obtain
I T2yn — Toyllc — 0asn — oo.

Then T3 is continuous. We will now prove that 75(Y) is uniformly bounded on C. Let
yeT.

For ¢t € [—(¢,0], by (3.12) we have
[(Tay)(O)] = €O < [I€lli—c.0m-
andift € [IC, L + 4], we get

(Toy) ()] = 1€ < 1€l xcra)-
v (087 (i)
By the hypothesis (H3), for t € Z, we have

lo(t)] = [ W (t,5"(), ot)) — W (£,0,0) + ¥ (£,0,0)]
< |\Ij (t,yt('),g(t)) -V (t7070) | + ‘\II (t’0’0)|

And, for t € Z we have

1 t
61 (@< [ S

0

_q =9’ =Y
e 92
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< a®lly" Olli-c.a + a2)le(t)] +
< ailly' Olli—c.o) + aslo(t)] + 97,

then

U* +qiR
1—q5

()] <

Thus, from (3.13) we get

Then, we conclude that

(w—1)K?

gt (1 ¢
[T2ylle < max =00 =g Méll=c.00 1€l a1

We can deduce now that the operator 75 is uniformly bounded on Y. Following that,
we prove that the operator 75T equicontinuous. We take y € T and let 71,72 € 2 =
[07 IC]’ 7 <72, then

1 (7 5 G- 1 M, a=9Et—a)
[(T2y) (2) = (T2y) ()] < ‘/ s le e o(s)ds — 7/ s' e TEa Q(s)ds‘
0 0

) v
< U* + gf i {2 3 Qe(liﬁ)ﬁgjﬂg) N ew—ﬁlgv? B ewﬁlz)vﬂ
1 =91 ~g)

As y1 — 72 the right hand side of the above inequality tends to zero. This proves that
7,7 is equicontinuous on =. The equicontinuity for the other cases is obvious, thus we
omit the details. Consequently, we conclude that 75 is completely continuous on Y using
Arzela-Ascoli Theorem.

Step 3: Now we show that the third hypothesis of Lemma[2.3]is satisfied. Let 2 € C and

y € T be arbitrary such that = T12T5y. Then, for ¢ € [—(, 0] and by hypothesis (H3), we
have

z(8)] = [(ThaTay) (1) = [€@)] < [[€ll—c.o < R,

and for ¢t € [IC, K + §], we get

le(8)] = [(TiaTay) ()] = €] < €]l pe+s) < B-
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And, for t € =, we obtain

()]

|(T1xT2y)( )l
|(Tho)(t H Toy)(t

)\t (1)(€—f)
:| a(t |/19119 lo(s)|ds

9—1)K?
(0* + ¢iR) (1 et )

< (A 2(1) = A5 0)] + [A(£,0))) 1—0)(1—a)
(V" +qi R) (1 - 6(19_7;22&6)

< (p*lzlle +A%) (1—09)(1—q3) 7
then,

(T* + ¢IR) (1 - e”ﬂlz”cﬁ)

)\*
(I —=9)(1—gq3)
|J](t>| < 9—1)K?
v+ qi) (1- )
1—p*
(1=9)(1—gq3)
< R

Thus,

|zllc < R.
As consequence, we have z € T.

Step 4: Now, we show that p*L < 1, where L = | T2(Y)||c = sup{||Tayllc : y € T}.
Since

29— 9
(U* + ¢ R) (1—6(0 1912))c )

L< _cops € :
< max i lelcos Klicrss

then

p*L < max {{,p"R} < 1.

Thus, we have proven the last hypothesis of Lemma Then, as a consequence of steps
1 to 4 with Theorem we deduce that the operator equation Sy = T1yT>y = y has at
least one solution which is a fixed point for . This fixed point is a solution to problem

L.D-C3).
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4. EXAMPLE

Example 4.1. Consider the following initial value problem with the improved Caputo-
type conformable fractional derivative:

y(t) = cos(t), t € [m,2m],

y(t) =sin(t), te€ [-m,0],

where 2 =[0,7],9 = 3,{ =6 =mand

1
At y(8) = 1o (Isin(®)y(0)] + | cos(t)] + 1), t €, y e C.
! jsin(®)lly] + I3
_ sin(t) ||yl + |y
U (ty,y) = —<)
(9:9) = 1950+ yl = I3
Foreachy,y € Rand t € =, we have

te=Z, yeC(-¢,d,R)and 5 € R.

v |sin(t)] _
At y) — M, 7)| < -
At Y) = AED] < Fagor v =3l

and for each y1, 71 € R, 2,72 € C([—(,0],R) and ¢t € =, we have

[ sin(?)]

W(t — W (t,y2,y1)| < U1l
(Ut y2,91) = ¥ (8 52, 90| < =5 Mly2 = Balli—c.o 425| — 7|
Hence condition (H>) is satisfied with
| sin(?)| 1
t — * = —_—
P = gzt 7" = 103
and
| sin(t)] 1 1
t) = , q2(t = .
a1(t) 495 a(t) = 425 =q = 125
Also, the hypothesis (Hs3) and the condition (3.9) of Theoremu are satisfied if we take
1 < R < 103.

Then the problem (4.14) has at least one solution defined on [—, 27].
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